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Abstract— We focus on the dynamical interaction between
regulated Additive Increase Multiplicative Decrease (AIMD)
traffic sources and themax-scalar scheduling policy, which has
been proved to be optimal in terms of throughput in case of
stationary unregulated traffic sources.

We describe the average dynamics of both sources and queues
dynamics through a system of Ordinary Differential Equations
(ODEs), which is numerically solved.

I. I NTRODUCTION AND PREVIOUS WORK

1In recent years a significant effort has been devoted by the
research community to the definition of efficient scheduling
policies that maximize the system throughput in several appli-
cation contexts such as wireless, satellite networks and high-
capacity switching architectures [1], [3], [5], [9], [11],[13],
[14], [16], [17]. This problem dates back to the early ‘90, when
Tassiulas and Ephremides, in their seminal work [19], have
first shown that the maximization of the throughput in anet-
works of interacting queues(also calledconstrained queueing
systems) can be achieved with a dynamic scheduling policy
according to which the selection of packet transmissions, at
servers, is driven by the current queues state.

It is worth noticing that the scheduling policy proposed
in [19], the so-called max-scalar policy, and its later exten-
sions [1], [5], [9], [11], [13], [14], [17], do not require any
a priori knowledge of the long-term traffic, thereby appearing
amenable for implementation in contexts in which traffic is
highly dynamic and unpredictable.

Optimality of themax-scalar policyand its extension has
been proved, however, only under assumptions of stationarity
and admissibility for the traffic flowing through the system of
queues. It is not clear how optimal policies behave in the case
of either non stationary, or rate-adaptive traffic sources,which
may induce temporary overloads of some system architectural
elements. The suspect thatmax-scalar policyand its extensions
may be strongly unfair in the latter case has probably refrained
a massive deployment of such policies in commercial systems.

Only very recently the attention has been turned to the
analysis of the interaction between optimal dynamical policies
and regulated traffic sources; results in this field can have a
great practical significance in consideration of the fact that
the majority of Internet traffic sources adopt the Transport
Control Protocol (TCP) and dynamically adapt the sending
rate to the estimated traffic congestion level according to a
Additive Increase Multiplicative Decrease (AIMD) scheme.

1This work was funded by PRIMO FIRB of the Italian Ministry for
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In this paper, we describe the average dynamics of both
sources and queues dynamics through a system of Ordinary
Differential Equations (ODEs), which is numerically solved.

In [6], [15] the behavior of max-scalar policies under regu-
lated sources has been analyzed. However, the rate adaptation
algorithms considered in [6], [15] significantly differ from the
AIMD source behavior considered here, since they require the
sources to gather detailed and updated information about the
network status.

We consider the dynamical behavior of max-scalar policies
under rate controlled sources executing an idealized TCP
algorithm driven only by losses and delay information.

II. SYSTEMS OF INTERACTING QUEUES

We consider a systems ofQ discrete time, interacting
queues; this provides an abstract model for several different
communication scenarios such as the system of transmission
queues at a wireless access point, or the virtual output queue-
ing (VOQ) system in a input queued (IQ) switch.

We assume packets to be of fixed size. Queues evolve as
follows:xq(n+ 1) = [xq(n) + aq(n)� �q(n)℄+ 1 � q � Q;
wherexq(n) represents the queue length,aq(n) represents the
number of packets arriving at the queue,�q(n) represents the
amount of service received by queueq during time(n; n+1℄
and [x℄+ representsmax(0; x). The set of achievable queues
service rates is subject to a set of physical constraints. We
formalize the previous concepts saying that the vector of
service rates�(n) = (�1(n) � � ��Q(n)) belongs to a convex
set of achievable ratesS, i.e., �(n) 2 S with S � IRQ+ , for
everyn.

Just as matter of example we consider three possible sce-
narios:� Work conserving queue: in such simple case, the sum

of service rates is bounded by the transmission capacityC of the queue:S = f� : �q � 0 and
Pq �q � Cg.� IQ switch: the system of VOQs in aP �P input queued

switch comprisesQ = P 2 interacting queues. In this
case, the sum of services provided to all the virtual output
queues either residing at the same input card or directed
to the same output card is limited to one packet per slot.
Let us denote withIQ(i), (1 � i � P ), the set of VOQs
at inputi and withOQ(j), (1 � i � P ) the set of queues
directed to outputj. It results thatS is defined as the set



of � which satisfy the following constraints:8><>:�q � 0 8qPq2IQ(i) �q(n) � 1 1 � i � PPq2OQ(j) �q(n) � 1 1 � j � P� Wireless scenario:in this caseS depends on the coding
scheme and on the power used for transmitting the
signals. Using an access scheme which ortogonalizes
transmitted signals, we can assume that transmission rate�q depends only on the powerPq used for transmitting
information from q [14]. We further assume�q(Pq) to
be a regular concave function. In addition, we assume
that the total transmission powerPtot is bounded. Hence,S is defined as the convex region defined by all the
vectors� = (�1(P1); : : : ; �q(Pq); : : : ; �N (PN )) beingPq Pq � Ptot.
The geometry of regionS depends on the specification
of functions�q(Pq) which in their turn depend on the
physical layer specification [14]. In this paper, just as
matter of example, we assumeS to be a circular region,
defined by following constraints:(�q � 0 8qPq �2q(n) � C
beingC a positive constant.

A. Optimal Policy under unregulated traffic sources

Under unregulated traffic sources, the problem of the def-
inition of the optimal scheduling policy and the associated
throughput region in complex systems of interacting queues
under dynamic scheduling policies, has attracted significant
attention in the last decade from the research community
since the pioneering work [19]. By assumingaq(n) to form a
sequence of i.i.d random variables, and applying the Lyapunov
function methodology, it has been shown that a system of
interacting queues achieve maximum throughput if max-scalar
scheduling,PMS , policy is applied. According toPMS , at
each time slotn, the service vector is selected as follows:�(n) = argmax
2S QXq=1 
qxq(n) (1)

The result in [19] has been generalized and adapted to
different application contexts in the last years. As matterof
example we just briefly recall some of the related works. In the
switching context, several studies have been aimed at the def-
inition of the stability region in Input-Queued (IQ) switching
architectures built around a buffer-less crossbar: papers[1],
[9], [11], [16], [17] have proposed different extensions ofPMS , which have been shown to achieve the maximum
throughput; stability properties for simpler scheduling policies
have been also studied in [5], [10]; in [2], [3], [9], finally,the
problem of the definition of the stability region in networks
of IQ switches has been considered. In the context of the
satellite and wireless networks, generalizations ofPMS have
been recently proposed and shown to achieve the maximum

throughput in [13], [14], [18]. Finally, recently [4] general-
izes the result in [19] under more general exogenous arrival
processes applying a different analytical technique called fluid
models.

All the previous works, however, have considered unregu-
lated stationary traffic sources.

B. Interaction with Regulated sources

Only very recently [6], [15], the attention has been turned to
the analysis of the interaction between optimal dynamical poli-
cies and adaptive traffic sources. Papers [6], [15] have shown
that PMS well behaves in presence of regulated sources,
so guaranteeing an acceptable degree of fairness to flows
also in case of temporary overload. However, these papers
have focused on congestion control mechanisms significantly
different from TCP, which require that the traffic sources to
strictly interact with the network and gather detailed and up-
dated information about the queues status.

Let �q(n) be the aggregate arrival rate at queuen, equal to
the overall sending rate at the corresponding sources. In [6]
sources were assumed to adjust�q(n) on the base of the
instantaneous queue sizexq(n):�q(n) = �qKxq(n) + 
q
being�q , K and 
q opportune positive constants. Similarly
in [15] the rate of sources must be dynamically adapted on
the basis of the instantaneous queues lengths. According to
one of the proposals in [15]:�q(n) = minnh V2xq(n) � 1i+; �maxo
beingV a control parameter and�max the maximum allowed
source sending rate.

III. M ODEL FORAIMD SOURCES

All the above congestion control schemes significantly differ
from TCP/IP, running in the Internet. Aim of our work
is to study the behavior of TCP-based congestion control
mechanism in network of interacting queues. In our analysis,
each queueq is fed with traffic originated in a set ofMq TCP
sources. To study the interactions between source and queue
dynamics, we adopt a continuous time fluid approach [12]
in which both sources and queues average dynamics are
described by deterministic ordinary differential equations.

For simplicity, we assume that allMq TCP sources expe-
rience the same round trip timerq . We further neglect the
effects of queueing delays on round trip time, identifyingrq
with only the propagation delay component along the path.
This assumption appears justified by the consideration that
in modern large bandwidth networks often propagation delay
represents the dominant component of the round trip time.

We suppose that each queueq implements an active queue
management mechanism, like RED [7], according to which the
packet loss probabilitypq(t) is related to buffer levelxq(t)
according to the relationpq(t) = f(xq(t)), being f(x) a
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Fig. 1. Performance observed for LQF and wireless server, inthe case of three classes of sourcesS1, S2 andS3
continuous strictly increasing function. Recall that�q(t) is
the service rate of queueq at time t. Let wq(t) represent the
average window of the TCP sources feedingq.

To simplify the analysis, we consider only long-lived
sources whose behavior can be modeled, approximatively, as
an ideal AIMD source. We neglect the effects of both time-
outs and slow starts phases. Note that short-lived flows can
be successful assimilated to unregulated flows [8]. The fluid
evolution of the average window sizewq(t) is driven by the

classical well known AIMD fluid equation:dwq(t)dt = 1rq � wq(t)wq(t� rq)2rq pq(t� (rq � �q))
where�q is the propagation delay between sources and queueq. The fluid evolution of queue lengthsxq(t) is driven by the
following equation:dxq(t)dt = Mqrq wq(t� �q)(1� pq(t)) � �q(t)1fxq(t)>0g
where the first term on the rate represents the average aggre-



gate arrival rate at queueq; indeed,Mqwq=rq represents the
overall average sending rate of theMq sources.

Finally, according to the definition ofPMS , queue service
rates are determined in the fluid model according to:�(t) = argmax
2S QXq=1 
qxq(t)
beingS the set of feasible service vectors. We supposeS to be
a compact convex sub-set of IRQ+. Note that�(t) is the vector
which maximizes the scalar product with the vectorX(t) =(x1(t): � � �xq(t)), insideS. Hence, from a geometric point of
view, �(t) is the point (or is selected among the points) where
the perpendicular to�(t) is tangent toS.

If we now apply the policy to the previous three scenarios:� Work conserving queue:PMS selects simply the queue
with the largest queue size. This policy is usually referred
as Longest Queue First (LQF) policy.� Wireless queue: it can be easily shown thatPMS provides
service according to:�q(t) = xq(t)kX(t)k2C� IQ switch:PMS selects the queues corresponding to the
maximum weight matching on the bipartite graph built
as follows: an edge connects nodei to nodej if VOQ q
present at inputi and directed to outputj stores at least
one packet; the weight of this edge is set equal toxq .

IV. N UMERICAL RESULTS

Consider the case in which a single server provides a service
rate equal to3:6 Mbps. We assume that each packet is1500
bytes long. Tree classes of sources are present:S1; S2; S3
with M1 = 10, M2 = 6 and M3 = 1. All the queues
implement the same AQM scheme with loss function:f(x) =x=Xmax, whereXmax is the maximum storage capacity. We
setXmax = 100 packets andr1 = r2 = r3 = 100 ms. For
simplicity, we show the results only for LQF and wireless
systems. Figure 1 compares the transient behavior observedin
both systems for each class of sources; the graphs are obtained
by evaluating numerically the fluid equations describing the
system dynamics.

LQF tends to equalize the queue lengths and, indeed, all the
queue lengths converge to the same value. The initial transient
phase on the queue length is different forS3 since just one
source is not able to fed its queue enough to follow the growth
of the other queues; indeed, the service rate received byS3 is
very small. SinceS1 andS2 experience larger loss rate, they
slow down and allowS3 to reach their queue length. Hence,
at the end of the transient period, all the queue lengths and
window sizes are equal.

For the wireless queue, the final queue sizes are different
for each class of sources. The service rates, by the policy
definition, are proportional to the queue size. The final effect
is that larger windows are observed for classes with larger
number of sources.

Finally, both systems converge to a stationary behavior,
whose characterization is the aim of our future work. Similar
results have been observed considering other scenarios.
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