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Abstract—We consider static ad hoc wireless networks com- processes referred to as shot-noise Cox processes [3]hwhic
prising significant inhomogeneities in the node spatial distribution includes several special cases widely used in differerdsijel

over t_he area, and analyze the sca_ling laws of their transport ¢ ,ch as Neyman-Scott process [4], Bfat cluster process [5],
capacity as the number of nodes increases. In particular, we
Thomas process [6].

consider nodes placed according to a shot-noise Cox process, X X .
which allows to model the clustering behavior usually recognized N thls_paper we |ntroducg_ and anglyze a class of scheduling
in large-scale systems. For this class of networks, we proposeand routing schemes specifically tailored to clustered sand

novel scheduling and routing schemes which approach previously networks, deriving constructive lower bounds to the peteno
computed ‘upper bounds to the per-flow throughput as the h5,ghput as the number of nodes (and the number of

number of nodes tends to infinity. Moreover, we show how our e -
schemes can be applied to more general network topologies in clusters) tends to infinity. The obtained results get clage (

which nodes are either distributed according to a large class 0 & poly-log factor) to the upper bounds derived in a separat
of Inhomogeneous Poisson Point Processes or to a generalizegpaper [7] in all scenarios in which the system throughput is

shot-noise Cox process with heterogeneous clusters. limited by interference among concurrent transmissions.

The main finding of this paper is that, in order to approach
the existing upper bound to the per-node throughput, it is
necessary to employ scheduling and routing schemes which

In their seminal work, Gupta and Kumar [1] evaluated thare significantly more involved than the ones proposed for
capacity of a static ad-hoc wireless network consisting: of networks with homogeneous node density [2].
nodes randomly placed over a finite bi-dimensional domainTo the best of our knowledge, only a few works have ana-
and communicating among them (possibly in a multi-holgzed the capacity of clustered networks, especially deyar
fashion) over point-to-point wireless links subject to malt from the assumption that nodes are uniformly placed over the
interference. They derived an upper botinBlO(1/,/n) to the network area. In [8], Toumpis considers a setrofnodes
per-node throughput, valid for arbitrary network topoksi wishing to communicate ten = ©(n?) cluster heads, and
In the case of nodes uniformly distributed over the netwoiboints out that the network throughput can be limited by the
area, they proposed a scheme achievd/+/nlogn) per- formation of bottlenecks at the clusters heads. Both ssurce
node throughput. Later on, Franceschetti at al. [2] havéiepp and cluster heads are uniformly distributed, so the overle
percolation theory results to show thaf1/,/n) transmission density does not exhibit inhomogeneities.
rate is achievable by the nodes also under uniform nodeThe deterministic approach proposed in [9] allows to derive
placement. capacity results also for some non-uniform node distringi

The goal of our work is to extend the capacity scalingn particular, the authors consider nodes distributed qyer
analysis to networks characterized by large inhomogessiti lines, or clustered intg/n neighborhoods. In both cases, a
the node density over the area. Indeed, almost all large-scaegular square tessellation of the network area can be built
structures created by human or natural processes over geosuch a way that no squarelet is empty w.h.p. (with high
graphical distances (such as urban or sub-urban settlejneptobability), while the maximum number of nodes in each
exhibit significant degrees of clustering, due to spontaseosquarelet increases at most as a poly-log function. dfhere-
aggregation of the nodes around a few attraction points. Fore, the network does not contain significant inhomogésit
example, many growing processes result into highly clesterand the resulting capacity is similar to that derived by Gupt
networks due to preferential attachment phenomena. This fand Kumar.
motivated us to consider a general class of clustered pointn [10] the authors consider a system which contains many

circular clusters with uniform node density within them,agle

A preliminary version of this work has been presented at IEE#Bdom  ~anters are distributed according to a Poisson processtower
Zof’gii;’:firﬁgci'umons fn) > 0 and g(n) > 0: f(n) — hetworkarea (aMatn cluster process). Moreover, clusters are

I. INTRODUCTION AND RELATED WORK

o(g(n)) meanslim, o f(n)/g(n) = 0; f(n) = O(g(n)) means surrounded by a sea of nodes with much lower node density.

lim sup,, _,o0 f(n)/g(n) = > o0; f(n) _=Iw(tggn)) is fq‘gva'e”t o The only quantity that scales withis the network size: below
?‘((Z)) = (3((51((2)))) nfégzlsy(n)(gng)(g?n)e)qlgxgg?n) og(Z)(f_(n));( J;({ngst a critical network size, the per-node throughput is limitgd

f(n) ~ g(n) meanslim, o f(n)/g(n) = 1. the amount of data that a cluster can exchange with the sea of



nodes, whereas above the critical size the per-node thmtﬂghfom p s(p)dp < oo and then normalizing it over the network
is limited by the capacity of the sea of nodes. In contrast ayeaO:

[10], we consider a more general shot-noise Cox process, and k(cj, &) = s(l€ — )

we let the density of clusters (and the number of nodes per Jo s(I€ = ¢l d¢

cluster) to scale witlw as well. Moreover our scheduling andnotice that in our asymptotic analysis we can neglect the nor
routing schemes are different. In [11] the authors preseniyglizing factor [, s(||¢ — ¢;]|) d¢ = ©(1). Indeed k(c;, &) =
spatial framework to upper bound the number of simultaneog§ s(||¢—¢,||)). Notice that, in order to have finite integral over
transmissions in a network with general topology. Howevehcreasing networks areas, functior() must beo(p=2), i.e.,

their approach cannot be used to devise constructive schefifey must have a tail that decays with the distance faster tha
achieving the available per-node throughput for the cldss guadratically.

networks considered here. Under the above assumptions on the kernel shape, quantity
¢; equals the average number of nodes generated by cluster
1. SYSTEM ASSUMPTIONS ANDNOTATION centrec;. We will first assume that all cluster centres generate
on average the same number of nodes, hence ¢ = n/m.
A. Network Topology The case of heterogeneous cluster sizes will be considered i

We consider networks composed of a random numbier Section VIII-B. In our work, we letg scale withn as well
of nodes (beingE[N] = n) distributed over a square region(clusters are expected to grow in size as the number of nodes
O of edge L. To avoid border effects, we consider wrapincreases). This is achieved assuming that the averageatumb
around conditions at the network edges (i.e., the netwaek aof cluster centres scales as = O(n”), with v € (0,1].
is assumed to be the surface of a bi-dimensional Torus). TBensequently, the number of nodes per cluster scalgs=as
network physical extensiot is allowed to scale with the ©(n!™").
average number of nodes, since this is expected to occur irAt last we need to specify the point proce$sof cluster
many growing systems. Throughout this work we will alwaysentres. We consider two different models:
assume thal, = ©(n*), with 0 < o < 1/2. Cluster Grid Model. Clusters centres are deterministi-
The clustering behavior of large scale systems is taken into cally placed over the vertices of a square grid.
account assuming that nodes are placed according to a shot- Cluster Random Model. Cluster centres are randomly
noise Cox process (SNCP). An SNCP can be conveniently placed according to a Homogeneous Poisson Process
described by the following construction. We first specify a  (HPP) of intensity¢, = m/L>.

point procesg of cluster centres, whose positions are denotgthe Cluster Grid Model is simpler to analyze, because the
by C = {¢;}}L,, where M is a random number with averagegyerall node process turns out to be a standard Inhomogeneou
E[M] = m. In the literature the centre points are also pojsson Point Process whose intensity over the area cdyp easi
called parent or mother points. Each centre peinin turn  pe evaluated, since the clusters cen@sre assigned. This
generates a point process of nodes whose intensftisajiven model serves as an intermediate step towards the analysis of
by g¢;k(c;, &), whereg; € (0,00) andk(c;,-) is a dispersion the more complex Cluster Random Model.

density function, also called kernel, or shot. In the litera For both models, we defind. = L//m = ©(n*"/2).

the nodes generated by each centre are also referred torgg quantity represents, in the case of the Cluster Gridé¥jod
offspring or daughter points. The overall node procasss the distance between two neighboring cluster centres on the
then given by the superposition of the individual processggig; in the case of the Cluster Random Model, it is the edge
generated by the cluster centres. The local intensity ef of the square where the expected number of cluster centres

the resulting SNCP is falling in it equals to 1. We caltluster-denseegime the case
a < v/2, in which d. tends to zero am increases. We call
D(€) = Z q;k(c;,§) cluster-sparseegime the case: > /2, in which d.. tends to

J infinity an n increases. Examples of topologies generated by

.our SNCP process can be found in [7].

Notice that®(¢) is a random field, in the sense that, condi- _. . .
tionally over all (g;, ¢;), the node proces#/ is an (inhomo- Figure 1 shows three examples of the kind of topologies
AR considered in this paper, in the case of= 10,000 and

geneous) Poisson point process with intensity functiorwe - o
denote byX = {X;}¥, the collection of nodes positions ingmil 3}?2'5)'” all three cases we have assume(p) —

a given realization of the SNCP.

In this work we restrict ourselves to kernels(c;,-) o
which are invariant under both translation and rotatioe,, i. B- Communication Model
k(c;, &) = k(]| —c;||) depends only on the euclidean distance We assume that time is divided into slots of equal duration,
l€ — ¢;|| of point ¢ from the cluster centre;;. Moreover and that in each slot the scheduling policy enables a set of
we assume thak(]|{ — ¢;||) is a non-increasing, boundedtransmitter-receiver pairs to communicate over poinpddat
and continuous function, whose integrfll k(c;, &) d§ over wireless links which are modelled as Gaussian channelsiof un
the entire network area is finite and equal to 1. In practickandwidth. We consider point-to-point coding and decoding
the kernels considered in our work can be specified by filsénce signals received from nodes other than the (unique)
defining a non-increasing continuous functiefp) such that transmitter are regarded as noise.
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(a) Cluster Random model with = 0.6. (b) Cluster Grid model with, = 0.3. (c) Cluster Random model with = 0.3.

Fig. 1. Examples of topologies comprisimg= 10,000 nodes distributed over the squdr@ x 10 (o = 0.25). In all three cases(p) ~ p~2->. Case 1(a)
belongs to thecluster-denseegime ¢ < v/2). Cases 1(b) and 1(c) belong to tbleister-sparseegime ¢ > v/2).

We assume that interference among simultaneous transmiile keepingl;; = d;ﬂ, for any d;;.
sions is described by the so callgeneralized physical model The proposed interference model satisfies the following
according to which the rate achievable by nadeansmitting basic property.
to nodej in a given time slot is limited to Lemma 1: Under the assumptions that, in a given time slot,
Rij = logy(1 + SINR;) i) every transmission takes place between nodes whoséveelat
where SINR is the signal to interference and noise ratio &fiStance is not greater thah ii) the setA of transmitters is
receiveri: chosen by the scheduling policy in such a way that the distanc
J- . . .
SINR, — Pit;; d;; = ||X; — X,|| between any two transmitteis j in A is
7T No+ ZkeAkﬁj Pily; greater than or equal t8d; then the achievable rate by all

Here, A is the set of nodes which are enabled to transmit I(l:qoncurrent transmissions during the considered slot is:

the given slot,P; is the power emitted by nodg ¢;; is the R(P,d) = Q(min[l, Pd™"])
power attenuation betweenand j, and N, is the ambient
noise power. In this paper we assume that all nodes employ Proof: We focus on a node receiving data from a node
the same power level while transmitting (i.€;,= P, Vi). We in the considered time slot, and we upper bound the amount of
remark that this assumption does not penalize the achievaipiterferencel,. received byr due to concurrent transmissions
throughput, as one can see by comparing our results with gleover the network. By definition:
upper bounds in [7], which are derived for arbitrary power e
assignment. Our study permits to consider both the case in I = P/O t(z) AN, (2) @)
which the common power leveP does not scale with, and
the case in which the common power levelscales withn Where {(z) = 277 is the power attenuation function, and
so as to compensate for the link power attenuation, as well s(z) represents the number of transmitters (excludiig
all intermediate cases. within a distancer from r.

The power attenuation is assumed to be a deterministicWe observe that, as immediate consequence of the triangular
function of the distancel;; betweeni and j, according to inequality, the distance between any interfering tranteménd
(i = d;;", with v > 2. One drawback of this model is thatnode r can not be shorter thad. Furthermore note that
the received power (and the corresponding rate) are angplifid,-(cc) < N. Hence integrating (1) by parts we obtain the
to unrealistic levels wheni;; tends to zero. Some authorgollowing alternate expression faf.:
have suggested to account for near-field propagation dffect 0 R
bounding the attenuation function to &; = min{1,d;;"}. I = _P/O Nr(2) db(x) = VP/O 2= OTIN, (@) da
However, any fixed bound leads to pathological throughput
degradation in network regions where the node density tenddNOW applying again the triangular inequality we can say
to infinity, as pointed out in [13]. To avoid such problemsthat Ny(z) < Ni(x + d), whereN,(z) denotes the number of
we simply assume that the achievable rate on any link canfd€rfering transmitters at a distance non greater thdrom
grow arbitrarily large, but is bounded by a constdh due -
to the physical limitations of transmitters/receivers gineum  Since the distance between any pair of transmitters is not
data speed of I/O devices, finite set of possible modulatid#ss than3d, Ni(z) can be easily upper bounded exploiting
schemes, etc). Therefore we consider the following vadnt elementary geometric considerations. In particuléiy(z) is

the generalized physical model maximized when the transmitters are placed accoz)rding to a
R;j = min{Ro,log,(1 + SINR;)} regular triangular tessellation. In this ca¥g(x) < 272 for



any z > 3d. Hence, beingy > 2: the lower bound coincides with the upper bound in ¢hester

I, =P / 2~ OPIN, () dar < @) den_sereglme, where t_he same per-node througi@@l_/\/ﬁ)
Jo as if nodes were uniformy placed over the domain can be
o 21 (z 4 d)? B achieved. In thecluster sparseregime, instead, the per-node
<P /2d z (%1)79\/@2 dz = O(Pd™") ®3) throughput drops below/\/n, for effect of inhomogeneities

_ ) in the node spatial distribution, becoming tightly relatedhe
As a consequence, for the signal to interference and NO3G,imal node density in the network. Upper and lower bounds
ratio at the receiver we get: differ at most by a poly-log factor when the transmission

SINR, = Pd,,” = Q(min[1, Pd~)) power is selected in such a way to perfectly compensate the
No + I, ’ link power attenuation, i.e.P = O(d") for d — oo. In
from which R(P, d) = Q(min[1, Pd~"]). this case, beingR(P,d) = ©O(1), Vd, system performance

m s limited by the mutual interference among simultaneous
transmissions. Notice that upper bounds miss the teRfis

i since they have been obtained under the assumption that powe

C. Traffic Model levels are always selected in such a way to compensate the
Similarly to previous works [1], [2] we focus opermu- power attenuation functiof.

tation traffic patternsi.e., traffic patterns according to which
every node is source and destination of a single data flow at IV. PRELIMINARIES
rate A. Sources and destinations of data flows are randomly
matched, establishingv end-to-end flows in the network.
Note that a permutation traffic pattern is represented by

et (e, a binaryvalued coubly Stachastie matrgetL &1 SUB-EION 0D), whose sl have a surfacel| nor
o Y y smaller than161°§>”. Let U(T}) be the number of points of

B(t) be the network backlog, that is, the number of dat% falling within 7). Then, uniformly over the tessellation,

units already generated by sources which have not yet b . : T | .
delivered to destinations at time We say that traffic\A is %f{;{’f);? ?Og?;s)ei W'h'p(-](b;t;"’iefgw |and 20|T5), i.e.,
Iy k) S Supyg k k|-

sustainablef there exists a scheduling-routing policy such that 2
limsup, .. B(t)/t = 0 almost surely. The proof of this statement follows directly from the Chefno
bound and can be found in [2], [14].

The previous result can be immediately generalized to the
case of Inhomogeneous Poisson Processes (IPP):

We are essentially interested in establishing how the net- emma 3: Consider a set of pointX distributed over®
work capacity scales with under the assumptions we haveyccording to a IPP having local intensify(¢), such that
introduced above on network topology, communication mod?(loq)(g) d¢ = n. Let T be any tessellation 0® (or any
and traffic pattern. To summarize, the quantities that depegyb-region of ©), whose tilesT}, satisfy: ka P(6)de >

on n are: i) the network physical extensidh= n®; i) the 161ogn. Then uniformly over the tessellation&(T},) =
number of cluster centres: = n”, and consequently the ([, ®(£)de).
k

average numbey = n'~* of nodes belonging to the same
cluster. As the number of nodes increases, we generate .
sequence of systems indexed by The per-node capacity is
O(h(n)) if, given a sequence of random permutation traffiga
patterns with rate\(™) = h(n), there exist two constants ¢’

Lemma 2: Consider a set of pointX distributed over a
bi-dimensional domair® of areaL? according to a HPP of
rdle & = n/L?. Let T be a regular tessellation af (or

D. Asymptotic Analysis of network capacity

The following is a classical result on doubly stochastic ma-
8es, known as the Birkhoff-von-Neumann (BvN) Theorem:
Lemma 4: (BvN Theorem). Any doubly stochastic matrix

n be decomposed into a convex combination of permutation

, : ; ) matrices.
such thatc < ¢ and both(tf;g fOHOW'hg properties hold: From the BvN Theorem, it descends that every non-negative,
limy,— o0 Pr{cA'™ is sustainablp = 1 integer-valued matrix4 = [a;;] can be decomposed into
lim,, oo Pr{c’A(™) is sustainablg < 1 the sum of at mostH sub-permutation matrices (i.e.,

binary-valued doubly sub-stochastic matrices), befig=
max()_; aj, Y ; a;;) the maximum column/row sum [12].

At last we report the main result of [2], together with a brief
overview of their solution which allows us to make a trivial
generalization of the same result.

Lemma 5: Consider a set of nodeX placed according to

. SUMMARY OF RESULTS a HPP with intensityd = 1 over domain® of area|O| =

Table 1l summarizes the maximum achievable per-flow; then a scheduling/routing scheme exists such that the per-
throughput (in order sense) under ttlaster denséa < v/2) node throughput is w.h.®(1/+/n) under random permutation
and cluster sparsga > v/2) regimes, for both Cluster Grid traffic.
and Cluster Random models. The table reports the lowEnhe scheduling/routing policy proposed in [2] exploits the
bounds (LB) obtained in this paper, together with the corréermation of several horizontal and vertical paths acrées t
sponding upper bounds (UB) derived in [7]. We observe thaetwork in the transition region of an underlying percalati

Equivalently, we say in this case that thetwork capacity
(or maximum network throughput) ®(nh(n)). To simplify
the notation, in the following unless strictly necessarywii
omit the dependence of the variablessan



cluster-dens€L.B=UB) cluster-spars€LB) cluster-sparsgUB)
Cluster Grid + max{L qj(dC)R<P, \/qsl(dc)) , M R(P, dc)} max{LqTSuC),@logn}
Cluster Random % maxd 2V qs(d;” logn) o P, L ,‘/fR(P, de) max{Li\/qS(::)k’g",\/if log n}
" \/qS(dc\/log n)

TABLE |
THE PERFLOW THROUGHPUT ACHIEVABLE IN DIFFERENT CASESLB (UB) STANDS FORLOWER BOUND (UPPERBOUND).

model. Nodes along these paths form a highway system th#tn) = o(1), then it is possible to find two positive constants
can carry information using multiple hops of leng®(1). ¢, G with g < G such thatvé, € O

The rest of the nodes access the highway system using single g% < P(&) < G% w.h.p. 4)
hops of lengttO(+/log n). The communication strategy is then L L o
divided into four consecutive phases: in a first phase, nodebich means that® = ©(®). More in general,

drain their information to the highway, in a second phasghen n(m)=Q(1) it results & = O(qlogm) and

information is carried horizontally across the networlotigh ® = Q(glogm s(d.v/Iogm)).

the highway, in a third phase it is carried vertically, andain Proof: The proof of this theorem, taken from [7], is

last phase information is delivered from the highway to th&ported in Appendix B for completeness.

destination nodes. The system bottleneck turns out to be due u

to the phases in which information is carried over the highwa The above results show that, for both Cluster Grid and

hence the per-node throughput@g1//n). Cluster Random modelsp = O(®) in the cluster-dense
The previous scheduling/routing strategy can be extendegjime ¢ < v/2), whereas® = o(®) in the cluster-

to the more general case in which nodes are placed oveggarseregime ¢ > v/2). In Section VI we analyze the

domainO© of area|O| according to a HPP of ra® = n/|0]. case® = O(®) under both Cluster Grid and Cluster Random

Employing the same communication strategy as in [2], al dignodels. In Section VIl we study the cade= o(®), separately

tances covered by transmissions are scaled by a fa¢té®. considering the Cluster Grid and the Cluster Random models.

When ® = Q(1), the length of the hops along the highway

system becomes(1) (the distance between transmitters and VI. ANALYSIS OF THE CASE® = O(®)

receivers on the highway 8(1/v/®)); the achievable rate on  The scheduling/routing strategies we propose are based
each hop along the highway remai@g1) (see Lemma 1), on the idea of extracting a subset of nodes forming an
hence the per-node throughput is séi{1//n). infrastructure through which data can be transported acros
When® = o(1), instead, the distances covered by transmigse network. This subset of nodes is distributed on the area
sions along the highway becorg1), and the corresponding according to an HPP. The rest of nodes communicate with the
rate over each hop degradesRoP, 1/v/®) = o(1) for effect infrastructure using single-hop transmissions.
of the noise power at the receiver (see again Lemma 1), unlesgsmma 6: If nodesX = {X}¥ are placed either accord-
power levels are scaled up withto perfectly compensate themg to a Cluster Grid model or to a Cluster Random model
link power attenuation. As a result the per-node throughpgﬁd@ = O(®) (cluster-denseegime), then a subset of nodes
reduces toO(1/y/n R(P,1/v®)). Z C X can be found with probability 1, such that:Z)forms
a HPP; ii)|Z] = ©(n), iii) given a tessellatior7” of O with
V. ASYMPTOTIC ANALYSIS OF THE LOCAL INTENSITY tiles T; of area|T;| = Q(LZ l;zgn)' then, uniformly over the
Recall that, under both the Cluster Grid and the Clustesssellation, the number of poiniX falling in each tile is
Random models, the local intensity of nodes at pg@irdan O(£&|Ty|).
be written as®(§) = >, gk(c;,&). For both models, we Proof: Applying the thinning strategy described in Ap-
define the following two quantities® = sup, ®(¢) and pendix A, we can extract fronX a subse® forming a HPP
P = infp O(E). with intensity ®; the average number of points belonging to
Under the Cluster Grid model, cluster centres are regula#yis ®L? = ©(n). Similarly, X can be completed to a HPP
placed in a deterministic fashion, hendeand ® are two W of intensity ®, by adding toX some extra points; the
deterministic values depending only on system parametersaverage number of points belonging W is ®L? = O(n).
is of immediate verification that, whenevdr = O(1), we From Lemma 2, settingZ;| non smaller than16% we
have® = ©(®) = O(n/L?). Whend, = w(1), ® = o(®), have that, uniformly over the tessellation, both the number
being® = O(gs(d.)) and® = O(q). of points of Z and the number of points &V in each tile are
Under the Cluster Random model the computatio®@ind ©(-%|7}|). The same is true also for points belongingXo
@ is complicated by the fact that the local intensity of nodesinceZ C X C W. ]
® (&) is a random variable that depends on the cluster centresTheorem 2: Under the assumptions of Lemma 6, there
positionsC. The following theorem characterizes the extremexists a scheduling/routing schenf@ achieving per-node
values of the local intensity as function éf = L//m. throughput®(1//n) asn — cc.
Theorem 1: Consider nodes distributed according to a  Proof: The proposed communication strategy is a gener-
Cluster Random model. Lety(m) = d./logm. If alization of the scheme introduced in [2]. NodesZnform



the infrastructure carrying the traffic across the netwadaa be applied also to to our case: the infrastructlirgan transport

Nodes inY = X\ Z send/receive data from the infrastructur¢he traffic injected by nodes i, as long as every end-to-end

by single-hop communications with a close-by node belangiflow has rateO(1//n).

to Z. In the third phase, data are delivered from node#ito
More in details, we partition® into squarelets of areatheir final destinations belonging t&, through single-hop

A = 0O(logn/®), with A > 16logn/®, in which, according transmissions. The analysis of this phase is identical & th

to Lemma 2, there are at leagPA/2| nodes belonging to of the first phase, exchanging the role of transmitters and

Z. Recalling Lemma 6, the number of poin¥ in each receivers.

squarelet is upper-bounded By1®. Since, by construction,  Since R(P,dr)/logn = w(1//n), the second phase acts

Y € X C W, any upper bound on the number of poi as the system bottleneck, and the per-node throughput is

can be regarded as an upper bound on the number of fBintsO(1//n). [ |

We uniformly partition the nodes & falling in each squarelet

into |®A/2] groups, assigning each group to a different node VIl. ANALYSIS OF THE CASE® = 0(®)

of Z belonging to the same squarelet. By construction, eaChRecaII that conditionb — o(®) is verified only whend, —
group contains at mosgui®/®] = ©(1) nodes. w <

Time is divided i lar f h .. n®¥/2 = (1) in the case of the Cluster Grid model, or
ime is divided into regular frames, each one comprising _ o /2 _ Q(1) in the case of the Cluster Random

three phases of equal duration. During the first phase, no 8d_el. In this section we restrict our attention to ttester-

in Y directly transmit to_the node of a_55|gned to th_e sparseregime (i.e.,a > v/2)2. Note that conditiom > v//2
group they belong to. Lying both transmitter and rece|v%|§n occur only whemn = o(n) (i.e., v < 1)

in the same squgrelet, their relative distantge is upper We distinguish two sub-case® — w(1/d2) and & —
bounded by the diagonal of the squarelét: < v24, being O(1/d?), which are treated separately irs S/eczions VII-A and
VA= 6(L\/logn/n). VII-B, respectively

To meet conditions of Lemma 1, transmissions occurring '
within the same squarelet, as well as transmissions occur- . ]
ring in squarelets containing points closer thawi24, are A. Thecluster-sparseegime with® = w(1/d?)
to be orthogonalized over time. To do this, the squareletsOur approach is still based on the idea of extracting a subset
are partitioned into a finite number of subsets, each sub&etof nodes distributed according to a HPP of intensity
comprising regularly spaced, weakly-interfering squateel At forming the infrastructure carrying data across the networ
any time only one subset of squarelets is activated, and st m8ince |Z| = o(n), we expect a throughput degradation with
one transmission is enabled in each activated squareist (ttespect to the casé = ©(®), in which |Z| = O(n).
approach to limit interference among concurrent transoniss  In principle, the rest of nodes could still access the above
is pretty standard in related work, see for example Theordnfrastructure through direct transmission, similarlypolicy
3in [2]). Applying Lemma 1, each enabled transmission cgf. However, it turns out that this strategy is not always cenve
achieve arat€(R(P,dr)). However, we have to consider thenient, and can actually result in severe throughput degida
fact that in each squarelet there @éogn) competing nodes
belonging toY. Since the fraction of time in which each of 14
them can transmit scales &51/logn), the achievable rate
by each node ofY is Q(R(P,dr)/logn). Note that since 12
dr = O(y/Iogn), we haveR(P,dr) = Q((logn)~/?), even
when the power levels do not scale with

During the second phase, data are transported by the in- 8
frastructure provided by nodeg, either up to their final o
destination (if it belongs tdZ), or to the nodeZ assigned 6
to the group of the destination. For the analysis of the
second phase, we just apply the result of [2], adopting their

scheduling/routing technique (notice that the scheme Jins[2 2
itself divided into 4 sub-phases, see Lemma 5).
The only difference with respect to the assumptions of [2], 0
relies on the fact in [2] a random permutation traffic pattern v

is assumed, in which each node is origin and destination of

a single end-to-end flow established with a randomly sefiectéig. 2. Range of values @ for which it is not convenient to employ direct
destination |n our case instead during the Second pm¢ etransmlssmns to access the main transport infrastructure.

node of Z pushes/pulls into/from the network infrastructure
data belonging to (at most}4®/®] + 1 end-to-end flows.
However, thanks to the BvN Theorem (see Lemma 4),
can decompose our traffic pattern into (at mdggp/®| + 1

permutation traffic patterns, and devote to each of th.emmfm' 2\We leave for future investigations the analysis of the lirais@l,. = ©(1)
fraction of the system bandwidth. Hence the result in [2] c&br the Cluster Random model.

This because in highly populated areas the density of nodes
7 is negligible as compared to the density of nodkesHence
"Re number of nodeyy = X \ Z that would compete for



transmission to the same node Bfcan be very large (the %;mb' E;;Z'r'ioi?]frastmcture domain
number of competing nodes 8(®/2)), shifting the system 7 Layer+ isle around cluster centre;
bottleneck to the access phase (phase one), when: Ay Area of islesZ]
logn X Nodes withinOy,
2R (P’ 2 ) — 0 L@R(P 1/\/5) Zy, Nodes within®;, forming the layerk infrstructure
D - n ’ = Yy Nodes withinOy, \ Oj11 not belonging toZ;
. " . . A Spatial density of nodeZ,; within O
This condition, together with the assumption thét = . P Y . .
2 TABLE II
w(l/dc)’ occurs thn v 1 SUMMARY OF NOTATION
2+ S <6< o —2 (5)
o — 3 o — 9

Figure 2 shows the range of values ®fas specified by (5),
as a function ofv, for different values ofo. Shaded areas
corresponds to those combinations of system parameters
which the system bottleneck would shift to the access pha
if policy P were adopted. 10000 ¢
Therefore, before accessing the infrastructure provided :
Z, data originated by densely populated area needs to 00 [
spread out evenly on the network area. This is accomplish :
gradually, by covering highly dense areas(®fwith a hierar-
chy of intermediate, local transport infrastructures. Mgwvto-
wards regions with higher and higher density, the area df su
local infrastructures is reduced, while keeping their $rort
capacity approximately the same. Intermediate infratires
allows to reduce the distance covered by transmissions
highly populated regions, while at the same time to effidyent
balance the traffic towards the nodes of the main infrastract
We start describing our solution for the Cluster Grid mode
which is simpler to analyze, and later generalize our approa
to the Cluster Random model. For the sake of simplicit
and brevity, we assume thak = Q(logn/d?), instead of

® = w(1/d?). However we remark that our results can be _
Fig. 3. Example of construction of nested domaidg for the topology of

extended to the casé = o(logn/d?) by slightly modifying e Cluster Grid model depicted in Figure 1(b).
the adopted scheduling policy.

1) Cluster Grid Model: We build a sequence of nested
domains?y, (for 0 < k < Kpax = |log,(®/®)]) accordingto  Consider the following scheduling/routing scheme
the following definition: O, = {£ € O : (&) > 28® = )\, }. according to which time is partitioned into frames,
Note that, by construction(,; C O, and Oy = . each frame comprisingK,,.., + 1 descending phases

100 L
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Moreover, while®y = O is by definition connected, domainsKmax, Kmax — 1,...,1,0 followed by K,.x + 1 ascending
Oy for k > 1 are in general disconnected, being composgahases), 1, ..., Knax. Each phase is in turn partitioned into
of M isolated domainsZ] (1 < j < M), hereinafter two periods.

called isles, of areal;, surrounding each cluster centre® Within descending phask (here indexk runs from K.

Oy = U,;Z}. We call pyramidthe set of isle<Z] surrounding down to 0), during the first period all nodes ¥y are allowed

the same cluster centrg. Figure 3 shows an example of thisto transmit their data to a close nodeZn within the same

construction for the topology in Figure 1(b), charactesiby pyramid, balancing the traffic among the candidate receiver

® =19, & = 4754, K4, = 7. Notice that islesZ], £k > 1 During the second period of the descending phase, nodes in

have approximately a circular shape. Z;, transmit to: i) randomly selected nodes lying within the
We define byX, the restriction ofX on O,; i.e., X, same pyramid, and belonging ¥, N Z;_;, whenk > 0; ii)

comprises all points oK lying in Oy. Applying the standard randomly selected nodes belongingZg, whenk = 0.

thinning procedure described in Appendix A to each domain NodesZ;, transmit data gathered in the previous phase (if

Oy, a set of nodeZ, C X, can be found such that: i) k£ < Knax), data gathered during the first period of the current

Z; is a HPP of intensity\, on Oy; ii) any node belonging phase, and their own data, again balancing the traffic among

to Z,_; and to X,, also belongs tdZ;, for £ > 1. Let the feasible receivers. The data transport is achieveditixy

Y =X\ (Xpa1 UZy), ie., Y, comprises those points ofthe scheme described in [2], on the infrastructure proviged

X lying in Oy — Or1 which do not belong t&. Table Il  Zj.

summarizes the notation. In ascending phask, within the first period data directed
3We can formally define domaif;, for any k > 0 and j, as the set of to destinations i \ X1, for k < Kiax (i.€., destinations

points of O, whose closest cluster centre dg. According to this formal lying in Oy, but not in Ok+_1)! orto d_e_StinationS X i :
definition Ag = L2/m. for k = K., are transmitted exploiting the scheme in [2]

max !



on the infrastructure provided b, either directly to their of points of Z; in each tile isQ(logn) (actually, there are
destination (whenever the destination belongZi9) or to a ©(logn) nodes of either sets in each tile). Hence we can apply
close node inZ;, while at the same time, data directed téthe same approach already employed in the dase ©(®),
nodes lying withinOx,1 (only for £ < K,.x) are routed assigning node%; to nodesY residing within the same tile
to nodes ofZ; N Zx1 lying within the same pyramid of in such a way that the number of nod¥s associated to the
the destination. During the second period of ascendinggshasame nodeZ;, is uniformly bounded by a constant. Also in
k < Knax, data directed to nodes i, are delivered to their this case, highly interfering transmissions are orthotined
final destination through single-hop transmissions. over time to meet conditions of Lemma 1: we adopt the same
Figure 4 illustrates an example of scheduling and routing séheme used in the cage = ©(®), partitioning tiles into
a flow established between two nodes belonging to differeatfinite number of subsets, each comprising mutually weakly
clusters (let these clusters be cluster 1 and cluster 2)eManterfering tiles. Since the number of conflicting trangeris
specifically, source node S belongs to 3§ of cluster 1, per tile isO(logn), the fraction of time devoted to each trans-
whereas destination node D belongs to ¥et of cluster 2. mitter is Q(1/(2,/3%logn) and consequently the achievable
The figure shows one possible route for flow S-D, representeate by every node iy}, is Q(R(P,d})/(2+/B* logn), being
as a (logical) path connecting the source to the destinatigh = \/|Tj|.
through a sequence of significant relay nodes. Each edge ofn the second period, fdt > 0, data are transported within
the path can either be a single-hop transmission (solig linelesZ; by nodesZ;, adopting again the scheme of [2]. We
or a multi-hop communication between the vertices (dashedserve that, by construction, in each islé the amount
line). Edges are also labelled with the phase and period df data to be transferred is that generated by nodes lying
which the corresponding communication can be schedulgdthin the same isle. The number of nodes belonging to the
The following notation has been use®/ stands for the infrastructure coveringy is 2] = ©(\,Ay) (note that we are
j-th period of descending phase A; stands for thej-th assuming that,Ax = Q(3¥A0A4g) being Ao A4y = Q(logn)).
period of ascending phase We observe that the chosenThe total number of nodes;, lying within Z; can be upper
route is significantly more tortuous than other multi-hoptes bounded byni = O(n/m) (note thatn/m = w(logn),
between S and D that one could follow. This is due to thgecause in our case< 1).
randomness introduced in our scheme in the selection of thesince the capacity of the infrastructure Coveriﬁé is

next-hop relay belonging to a given set of nodes distribute zi,R(P, dy), with dx = 1/y/35 (see Lemma 5), and con-

around the cluster centre. Nevertheless, the analysisvbel . . . .

. sidering that such infrastructure is used only for a fractio
shows that such randomness does not penalize performance. .
i1 order sense of time equal tol/(2+/5%), the aggregate data rate that

can be sustained by the levielinfrastructure covering; is

Theorem 3: Under the assumption that A R(Pd) R
M A = Q(BFNoAp), for some3 > 1, the above described {2 (2’2“\/[7’“ = Q (W . Thus, every node
scheduling/routing schem®, for t\rﬁ Cluster Grid model of 'z, is allowed to exchange with levél-infrastructure
sustains a per-node throughp®{(L+\/®/n - R(P,dy)), with o SR R(Pdy) o
do = 1//3. a data rate which i€ o) Considering that,

Proof:  Consider descending phasek, with by construction, every node df; is pushing/pulling into
0 <k < Kumax. We fix the duration of this phase tolevel+ infrastructure the aggregate data ©fn’/z;) end-
1/+/3%, and suppose that the two periods within the sante-end flows, the achievable per-flow throughput by level-

phase are of equal duration. Notice that, being> 1, the infrastructure isQ [ Y2eA:B(Pdy) \ 5 formallv orove this
total duration of all of the descending phases is bounded, 2¢/Brni ( Y p i
although their number tends to infinity. Figure 5 illustsate  fesult, we can resort to the trick of decomposing the traffic

whole structure of the scheduling frame of our scheme, whi@@{tern into (sub)-permutation traffic patterns).
is repeated indefinitely over time. We have also indicated in!n the case of descending phase= 0, using similar
the figure the set of nodes that are allowed to transmit in ea@fguments, it turns out that the achievable per-flow thrpugh
period of generic phask (either descending or ascendifig) DY the ground infrastructure (leve}is: ©(L+/@/n)R(P, dy),
We start looking at the first period of this phase, in whiclith do = 1/V/®).
nodes inY;, are allowed to transmit to nodes @, lying  Turning our attention to ascending phake we fix the
in the same pyramid. We apply Lemma 3 to the netwoiration of this phase td//g%, and further assume that
region Oy \ Op11 (if k < Kuax, otherwise we take domain the two peno_ds within the same phase are of equal dura_t|on.
Ok,...), partitioning it into tilesT}, having surfac® |T},| = Then asc;endmg phagecan b.e mappgd to Fhe correspondmg
©(logn/Ax). Uniformly over the tiles, the number of pointsdescending phask by reversing the time; i.e., by observing
of Y}, falling in each tile isO(logn), whereas the number the data transmission process backward. As a consequence th
maximum throughput sustainable in ascending pltasgquals
“Notice that there is a slight asymmetry between descendingsoehding the throughput sustainable in descending phase
phases, since communications between the set of ndgeand the set of We conclude that the maximum per-flow throughput sustain-

nodes(Xy, \ Xx41) N Zy have been assigned (for simplicity) to ascendin%‘me by the whole system is given by the minimum among the
phases only.

5We shape the tiles in such a way that the maximum distance betuee per-flow throughput sustainable in every period of the frame
points in the same tild}, is ©(+/|T%|) for any k. It turns out that the system bottleneck is due to the capa€ity
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Fig. 4. Example of scheduling/routing of a flow establishetiieen nodeS belonging to cluster 1 and nod@ belonging to cluster 2. Nodes filled in white
belong to setsY’;, whereas nodes filled in black belong to one or more of ZgtDifferent marks have been used to denote the nodes belotgiAg, so
as to illustrate one important property of our constructioamely the fact that, if a node belongs to b@j_; and Xy, it also belongs t&,, for k > 1.

the ground infrastructure, i.e\, = ©(L+/®/n)R(P,dy), with introduced for the Cluster Grid model.

do = 1//®). Domains O, are, in general, composed of many disjoint
As final remark, we observe that the assumptigni,, = regions which are no longer associated through a one-to-one

Q(ﬁk)\OAO) for Someﬁ > 1, is not restrictive. This property, mapplng to cluster Centra%. |ndeed, several cluster centres

indeed, can easily be verified to be equivalent to the canditican now fall within the same connected region (see Figure

that s(p) decreases asymptotically to zero faster thgp?, 6). Nevertheless, we will still denote kfg{ the k-th region to
for somes > 2. m Which cluster centre; belongs to. Since domaifl;, comprises

) all points whose distance from the closest cluster centre is
2) Cluster Random modeRecall that (Theorem 1), in the gma|ier than threshold, regionsZ] are associated to the

cluster-sparsgegime of the Cluster Random model, we have,nnected components of the standard Gilberts model of
w.h.p. @ = O(glogm) and @ = Q(glogm s(d.v1ogm)).  continuum percolation [15] with ball radius.
Moreover, using exactly the same arguments of Theore_m lThe largestdy, is d, = ed,. Choosinge sufficiently small,
we can strengthen the upper bound on the local density;aig,ch a way that the associated Gilbert’s model is below the
point &, provided that we know the distance between p@int percolation threshold (we need< ¢*, wheree* ~ 0.6, [16]),
and the closest cluster centrgyi, (¢) = min; || —¢;[[. Then  \ye have the property that the maximum number of clusters
(&) = O(gs(dmin(§)) logn). centres belonging to the same regidf is O(logn) w.h.p.

We employ a scheduling/routing scheme similar to the ong7]. Since by constructior®,; C Oy, the same property
devised for the Cluster Grid model. The main difference ligsolds for all & > 1. It follows that, in terms of physical
in the fact that, in the Cluster Random model, we have to dQﬁhension' the area of regiojjli lies w.h.p. in the interval
with the irregular geometry induced by the random Iocatioqﬁsq(ﬂ)\l))z < \I,{| < w(s*l(ﬂ)\l))zlogn.
of the cluster centres. In addition, by construction the density of nodes witti

We define domain®;, for k > 1, as follows: 0, = {{ € is lower bounded by, = 2¥~1¢s(ed,), for k > 1. Hence, it
O : dnin(§) < di = 5*1(2“%)}, with Ay = gs(ed.), is possible to define for evely < k < Kypax, (With Kpax =
beinge a small positive constant (again, conventionally, = |log, %@J) a set of pointsZ; forming w.h.p. an HPP with
0). Note that the definition o), slightly differs from that intensity A\, on Oy (in the case oft = 0, Oy = O and
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Descending phases Ascending phases

n |
i 2 i %
Sl k 0 0 k S,
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1-st period 2-nd period 1-st period 2-nd period
Y, — Z Z, — 2. N2y Z, — (Xk\X;H.l)ﬂZk Zi. — Y
Zy — 2y N2y

Fig. 5. Structure of the scheduling frame. In the bottom pé&the Figure we have indicated the sets of nodes exchangfogniation in the two periods
of generic phasé (either descending or ascending).

= ). Z, (which determines the final network capacity) can be too
Then we can apply the same scheme defined for thparse, especially whetip) has a fast-decaying tail.
Clustered Grid model. The restriction @f, to eachIJ corre-

In this case, considering first the Cluster Random model, a
sponds to a level- regional infrastructure coverlngi whose g

more dense set of nodes acting as ground-level infrasteictu
aggregate capacity i Ae|Z]|R(P, 1/+/Ar); such capacity is can be obtained by selecting one node per cluster; for exampl
exploited during descending (ascending) phlade transport according to an algorithm that selects for each cluster the
the information originated from (destined to) nodes lying iclosest node to the cluster centre. It is of immediate vetitio
3. that the obtained set of nod&s, forms a HPP, in light of the
fact that: i) their number is distributed as a Poisson random
variable with averagen; ii) the positions of pointsZ; are
independent (since they belong to different clusters lgavin
independently located centres); iii) the marginal disttiidn
of every point inZj is uniform overQO since cluster centres
are uniformly distributed ove®©. Note that, by construction,
the density\| of Z{ is: \) = m/L? = 1/d? = w(®).

Then, defining domain®,, for k£ > 1 according t0:0y =
{£ € O dun(é) < s‘l(QkT%)}, a simple variant of the

scheme proposed in Section VII-A2 permits to achieve higher
throughput. We obtain the result:

10 ==

Theorem 5: Whenevers(p) decreases faster tharip?, for
someod > 2, a scheduling/routing schenf; can be defined
which sustains a per-node throughput @( R(P,d.)) =

O(YLER(P,d,)).

Fig. 6. Example of construction of nested domaffg for the topology of Turning our attention to th_e Cluster Grid mOdeli_by selegtin
the Cluster Random model depicted in Figure 1(c). one node per cluster according to the same algorithm prdpose

for the Cluster Random model, it is still possible to obtain a
Using the same arguments employed for the Cluster Gi@t7/ of nodes providing a better ground-level infrastructure.
model, we can prove that: In thls case the seZ does not form a HPP. This fact,
Theorem 4: Whenevers(p) decreases faster thalyp’, however, does not penalize the system performance, since
for some§ > 2, the above described scheduling/routinggdes inZ/, are almost regularly spaced (indeed, using stan-
schemeP; for the Cluster Random model sustains a per-nogfyrd concentration results it can be easily shown thatpw.h.

throughput®(L/®/n - R(P,dy)), with dy = 1/1/®. uniformly over the clusters, the distance between the tlec
. ) ) node belonging to clusterand the cluster centrg is o(d.)).
B. Thecluster-sparseegime with® = O(1/dz) As a consequence, standard results [1], [9] can be invoked

When the minimal node densit® drops belowl/d? (in to conclude thatZ{ provides an infrastructure of capacity
order sense) the approach of Section VII-A becomes subopstit,/m). Hence we obtain the same per-node throughput as
mal, because the ground level infrastructure provided liero in Theorem 5.
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VIIl. EXTENSIONS Aj ., > BA] for somes > 1; iv) 3, A] = ©(L?); Then the
In this section we show that previously defined schemé&sheme described in Section VII-A can be successfully agpli
can be applied, with limited modifications, in a wider sé® achieve a per-node throughput ®(L\/®/n - R(P, do)),
of scenarios, including the cases in which nodes are pIadé‘FJh do = 1//2.
according to a general Inhomogeneous Poisson Process, or Proof: The proof goes along the same lines as in the

according to a Cluster Random model with heterogeneop&of of Theorem 3. Assumptions i) and ii) guarantee that
cluster sizes. every domainZ; is sufficiently regular, so that messages can

be transported through the leveelinfrastructure coveringy,

A. General Inhomogeneous Poisson Process while traversing at most a number of relay nodes that scales
] } -~ like the square root of the number of nodes belonging to

~ Under mild technical conditions, the schemes presentggh considered infrastructure. Assumption iii) guarasitért

in Sections VI and VII for the Cluster Grid model can bgne |eyely; infrastructure covering? contains a number of

successfully employed when nodes are placed accordmgn@des)\kAj large enough to sustain the traffic injected in

an arbitrary Inhomogeneous Poisson Process (IPP) with loﬁ?in a fra(k:tion of ime1/2,/G" (the transport capacity of

node densityd(¢). 7 _

If & = ©(®), Theorem 2 can be immediately appliedthe considered infrastructure ® W). being
Thus, under a general IPP such thiat= ©(®) a per-node ; _ 1, /X At last, condition iv) guarantees that we can
throughput of©(1/,/n) can be achieved. __ balance the traffic over the nodes of the main infrastructure

In the case in whichb = o(®), some technical conditions;

~'2in such a way that we can fully exploit (in order sense)
3rltlaAneeded to successfully apply the scheme described;iinyansport capacity. Under the above conditions theldeve

o , , Q infrastructure dictates the system performance, progidi
Similarly to the Cluster Grid model, we define the set Oﬁer-node throughput which scales @$L/®/n - R(P, dy))

points Oy = {¢ | ®(¢) > 2"®}; again, Oy is, in general, | do = 1//. - " m

a non-connected domain, b_elng composedjby) maximal We emphasize that the performance of the proposed scheme
connected components, \_N'th 1 <j = J(k) ie, O = is, by construction, closely related to minimal node dgnsit
U;Z;. Let 9Z; be the frontier ofZj, and A the area offi. g’ of the IPP. Indeed, according to the proposed schebne,
By constructionZ; , C Zj, for any k and j. Figure 7 shows getermines the number of nodes belonging to the ground-leve
an example of construction of domaid¥, for an IPP with infrastructureZ.

Kmax = 4, in which J(1), J(2),J(3), J(4) are, respectively, |n some cases, better performance can be achieved by an
equal to 4,5,3,1. alternate scheme (analogous to the one described in Section
VII-B for the Cluster Grid model with® = O(1/d?)), in
which a denser set of nod&s, acts as ground-level infrastruc-
ture. The only requirement is that this set of no@gs whose
cardinality is denoted by, is at least as regular as a Poisson
point process. More formally, we require that, for any tdase

tion 7 of O, whose tilesT; have aredT;| = Q(L?/n/ logny),
uniformly over the tessellation the number of points Zjf
falling in each tile is w.h.pO(|T;|L?/n{). Every time we are
able to find such a sé{, (with average density larger thap)

@ we can use it as the main transport infrastructure, to farthe

improve the system performance.

@ B. Cluster Random model with heterogeneous clusters

In this section we show how our schemes can be success-
fully applied also in the case of a generalized Cluster Reando
model having heterogeneous cluster sizes. In particular, w
relax the assumption that each cluster contains on avehage t
Fig. 7. Example of construction of nested domaiflg in the case of an Same number of points and let each mother poinf generate
Inhomogeneous Poisson Process. In one of the componeii®s afe have a variable number; of daughter points, while keeping the
shown the geodesic (shortest path) between points A and B. same kernel function for all clusters.

To simplify the presentation we limit ourselves to the case
of just two classes of clusters, however we remark that the
same approach can be applied also to the case of an arbitrary
(independent om) number of classes.

More precisely, every cluster (1 < j < M) is assigned a
] 2 ) random markh; (the class identifier), which takes value into
of 7} is @(\//ch) (see Figure 7); iii) wheneveZ] , #0, {0,1}. Marks associated to different clusters are assumed to

We can prove the following result:

Theorem 6: Under the following four assumptions: i) for
anyn, j andk, whenevetZ] # (), 7] is the image of a simple
and closed regular curve; ii) the length of the longest gsiade
(shortest path) lying withirf] and connecting any two points
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be i.i.d. We denote by, andp; the probabilities that a clusterdensity in the network, provided that > v + (§/2 — 1)
is assigned to class 0 and class 1, respectively. Recaltttbat (case (d) in Figure 8).

average number of clusters Is[M]| = m = ©(n”). Cluster  Both in the mixed and in thefull cluster-sparseregime,
J generates a point process of nodes whose intensityisit where ® = o(®), irrespective of the specific value @, the
given by g, k(c;, §). simplest scheme that allows to achieve the capacity prdvide
The most interesting case is that in which we mix a predorgy the main transport infrastructure with densikyis the fol-
inant number of ‘small’ clusters together with a few ‘largelowing. The two classes of clusters are considered in igoiat
clusters (the case in which the majority of the clusters & aas if a single class would exist in the network. We introduce a
the bigger ones can be analyzed by just neglecting the presescheduling superframe given by the succession of two frames
of smaller clusters). Hence we takg = ©(1), p1 = ©(n~¥)  of equal duration, analogous to the ones described in $ectio
(With 0 < ¢ < ), g = O(n'™#), ¢ = B(n'™X), with VIl for the case of a single class of nodes. Communication
0 < x < u. Moreover we impose thakgo+p1g1 = ©(n' "), among nodes belonging to different classes occur only dweer t
to satisfy the additional constraint on the average number @ain transport infrastructure, during phasef either frame.
nodes per cluster. Notice that this condition requireséitaer |n all of the other phases, only the nodes belonging to the
p=vandx+e>v,orp>vandyx+¢=v. same class are allowed to exchange data.

We introduce the mean number, = ©(n") of clusters  This temporal division is reflected also into the definition
belonging to class 0, and the mean number= ©(n"~?) of  of the geometrical domain®;, with k > 0, which are again
clusters belonging to class 1. For each class we can define §R@structed considering separately the nodes belongitigeto
mean distance between neighl_)oring cluster centres belwngiyg classes. More specifically, for any poifitve denote by
to the same class. Hence we introdutie= ©(n®~"/?) and g (¢} the minimum distance from cluster centres of class
d; = ©(n*~"/**#/2) which are the typical distances betweene'more formallyd”, (€) = min.,_p |[€—c;|| for & = 0, 1.
cluster centres belonging to class 0 and 1, respectively.  As before®, — ©, while for everyk > 0 we define two differ-

Clearly we can no longer identify a uniqotister dens@nd  ent domaing??, with » = 0, 1, according to the following def-
a uniquecluster sparseegime. Now there are three differenqnition: o = feco i dh (&) <d = s 2’Hxﬂ)},

regimes: min . an,
9 where \* = C'®. The finite constanCC' is chosen in such

o full cIustelr-denseregilme when both#} andd; tend to 5 way that, for both classes, the associated Gilbert's model
zero asn increases, i.e. whea < (v — ¢)/2. with ball radiusd? (for all k > 1) is below the percolation
« mixed regime whend? tends to zero and/} tends t0 inreshold.

infinity asn increases, i.e. whefv — ¢)/2 < a < v/2. Note that the value ofc"

is different for the two classes.
_ H 0 1 o . . max . )
* TUI! c_Iuster sparsaegime when bothi; andd, tends to This is quite obvious, sinc&”__ is related to the maximum
infinity asn increases, i.e. when > v/2.

max

density of nodes belonging to the same class, which is larger
In general the system performance is still dictated by thgr clusters of clasg.

minimum node densitg in the network. Considering indepen- By construction, the density of nodes withi®! is lower

dently the contribution of each class to the overall nodesten o nded byA! = 28=1\*, for k > 1. Thus, it is possible to

. . 0 1 .. k — ) - . 1

in the network, we can defin@” and & as the minimum extract an HPP of pointZZ with intensity/\ﬁ on OZ-

node density generated by clusters belonging to class 0 and ote that in the domair®, we extract a set of node&,

. 00 1 o
\r/\(/aespceacl;méleelz‘/i.nlhtﬁre] Vr\rl]ea)z;?vfm ngcgrenz};(r%i'g)/@ir?)fhilr:g?/\r/ Igrk qurming a HPP with intensityb, regardless of the class they
- —0 —1 %elong to. This set of nodes provides a unique ground-level
® = O(max(2", 9)). , _ infrastructure, where information can be exchanged among
_ In the full cIustE(r)-denser(?glmeLl\/ve neclessarlly h_avenodes associated to different classes, if needed (i.equie r

® = O(2) (becauseb = O(2") andd = O(2")), hence i yaa phelonging to flows established between nodes belonging

this case the analysis is exactly the same as the one présepiejitferent classes). We can thus apply the same arguments
in Section VI, and Theorem 2 immediately applies. in Section VI to prove that:

In the mixed regime, we have®’ = ©(n!'~20tv—H) . 5
' = ’ Theorem 7: Whenevers(p) decreases faster thatyp°,

_ 1 _

whereas (see Theorem &) = O(qi logmis(divlogma)) = i s 2, the above described scheduling/routing scheme

Q ((log n)1=9/2pl-x=0la=v/240/2)) | 1 = it is always the : :

t -node th hpatLv®/n - R(P,d th
case thatb = O(®°) = O(n!~2*) (see case (a) in Figure 8).54:85/3\?%15 a per-node through{Lv'®/n- R(P.d)) wi
If > v (recall that in this casg + ¢ = v), it can happen =

that®' determines the minimum node density in the network, Also in tg"g case, when the minimum _node densitylrops
provided thaty > v + (6/2 — 1)(2a + ¢ — v) (case (b) in below 1/(d;)* (in order sense), the previous scheme becomes
Figure 8) suboptimal, because the ground level infrastructure pexVi

. by nodesZ, becomes too sparse. In this case a denser set of
In~the full - clustersparse regime, the only nodes acting as ground-level infrastructure can be oldaine
difference  with  respect to the mixed regime Hng 9 )
by selecting one node for each cluster of class 0. In this

is that @ = Q(qologmos(diylogmg)) = — L —
Q ((logn)'=9/2pl-n=da=v/2)) " Again, if v = u we latter case a per-node throughpit=6(gz; R(P,d.)) =

always haved = ©(®°) (case (c) in Figure 8). Otherwise if@(@R(P; d¢)) can be achieved by using such set of nodes
© > v it can happen tha®' determines the minimum nodea@s the main transport infrastructure.
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(@) (b) (© (d)

Fig. 8. lllustration of the different cases that can occuthvtivo classes of clusters. For simplicity, we have considi¢éhne case of a uni-dimensional network.

IX. CONCLUSIONS [14] R. Motwani, P. RaghavarRandomized algorithmsCambridge Univer-
sity Press, 1995.

In this paper, we have derived constructive lower bounds (g g . Gilbert, “Random plane networksJ: SIAM 9:533-543 (1961).
the asymptotic capacity of static ad-hoc networks in whigheé] J.Quintanilla, S.Torquato, and R.M.Ziff, “Efficient meurement of
nodes are placed according to a Shot Noise Cox Process the percolation threshold for fully penetrable discd”Phys. A: Math.

. . General 33:L399-L407 (2000).
(SNCP). Such processes provide a fairly general model (i8] r Meester and R.Roy, Continuum Percolation, Cambridgéversity
capture the clustering behavior usually found in realistige- Press. 1996.
scale systems. The presented lower bounds differ at most by
a poly-log factor from existing upper bounds, under the as- APPENDIXA
sumption that the system throughput is limited by intenfiese THINNING OF INHOMOGENEOUS POINT PROCESS
among concurrent transmissions. Our study has revealed theirst let us consider a s& = {X}¥ of points distributed

emergence of two regimes: tliuster denseregime, where over a compact domaid® according to an inhomogeneous
an optimal©(1/+/n) per-node throughput is achieved, and thpojsson process of intensify(¢). Let & be infeco ®(€). We
cluster sparseegime, where the per-node throughput degrad@ged to show that for angg < & a thinning procedure can
due to large inhomogeneities in the node spatial dist@outi pe defined to extract a subset of poiisC X forming a

In the latter regime we have shown that the system throughpidmogeneous Poisson process of rate

is intrinsically related to the minimum node density witlie The thinning procedure works as follows: for each real-
network area. ization of X = {X}V, consider each node, and mark it
with probability g(£) = %2), where( is the position of the
node. The set of marked points form a Homogeneous Poisson
Process with the desired intensity.
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The above thinning procedure can be generalized so asTtws (4) is verified for any) < g <1/2 andG > 2.
extract a subset of poin C X forming a HPP, in the case More in general, whem(m) = Q(1), >, #s(do,)U(Ax)
in which the intensity of the original inhomogeneous poirdnd ", % s(dox)U(Ax) provide, respectively, an upper

process is function of some random parameter. bound and a lower bound to the local intensity. It
More specifically, le®(¢) = 3, k(c;, &) be a SNCP, being turns  out: 3~ #£s(do)U(Ar) =  O(qlogm) and
= {c;}} the cluster centres dlstrlbuted according to a HPP . % s(dox)U(Ax) = ©(q log m s(dc/Togm)) [ |

of rate¢.. Let again® = infp ®(£). Then a subseZ of nodes
forming a HPP of rated can be obtained fronX, for any
® < @, by marking, conditionally oveC a point in& with a

(conditional) probabilityg(¢ | C) = > k(c - The fact that Giusi Alfano was born in Naples, Italy, on march 22,
the set of point¥ so obtained is a HI5P can be proved in the 1978. She received Laurea degree in Communication
same way as before, condioning o\er | Coancerng o Umesty of apes Fecerca I
Similar arguments can be used to show that a set of points PLACE in radar and satellite signal processing studies at
X = {X}¥ forming either a IPP or a SNCP with intensity PHHE??TEO National Research Council and University of Naples.
= Since April 2004 to October 2007 she has been ph.d.

(I)(g)’ SF"Ch that® = SupEGC? @({), can always be t:ompleted, student in information engineering at University of
by adding some extra points, to a S8 O X, beingW a Benevento, Italy. She is currently helding a post-doc
HPP with intensitytI) > P, position at Politecnico di Torino, Italy. Her research

work lies mainly in the field of random matrix theory
applications to MIMO wireless communications and sensor oe¢sy and to
APPENDIXB the characterization of physical layers of random networks

PROOF OFLEMMA 2

Proof: The main steps of the proof are: i) the doméilns
divided into squarelets; i) the local intensity&tis expressed

as sum of contributions, each due to cluster centres logated Michele Garetto (M’04) received the Dr.Ing. degree
the same squarelet; i) applying Lemma 2 every contribution n Te'eQOmETUFt"CaF'O” '3”_?"?99””9 and tthe Tzh-f?-
is bounded w.h.p. (both from below and from above); iii) the nzg;ﬁ% ot from Poltecrico di Tofina: 'ﬁgly e
upper (lower) bound is shown to converge w.h.p. to some value gh/gCTi'é 2000 and 2004, respectively. In 2002, he was a

for n — oo. visiting scholar with the Networks Group of the
M in detail id . . 0. B HERE University of Massachusetts, Amherst, and in 2004
_qr_e in details, consider a generic poigé < O. By he held a postdoctoral position at the ECE depart-
definition: ment of Rice University, Houston. He is currently
M . assistant professor at the University of Torino, Italy.

5((1€0 — ;1)) : - Cvers
&) = Z qk(&o, ;) Z il Dac His research interests are in the field of performance
° — Gy evaluation of wired and wireless communication networks.
J

Now, let A denote a regular square tessellation @f
such that each squarelet, has area|Ax| = 167%(m).
Let d,;,, and do, be, respectively, the inferior and the supe-
rior of the distances between poinfse€ A, and &, i.e.,

Emilio Leonardi (M’'99) is an Associate Professor
at the Dipartimento di Elettronica of Politecnico di

doj, = infeca, Hﬁ —&oll anddoy, = supec 4, 1§ — &ol; at last, Torino. He received a Dr.Ing degree in Electronics
let U(Ax) andU(Ay) be, respectively, a lower bound and an PLACE Ent_gmeegng_m 1991 _anfggsPE-?H Ifn Telgcclzinmqm-
[ cations Engineering in oth from Politecnico
upper bound to the number of cluster centres fallingiin It PHOTO di Torino. Ir? 1995, ﬂe visited the Computer Science
results: . HERE Department of the University of California, Los An-
—s(dop)U(Ag) < ®( < s(d U A geles (UCLA), in summer 1999 he joined the High
Z H ( Ok) ( k) 60 Z Ok ( k) Speed Networks Research Group, at Bell Laborato-
k ries/Lucent Technologies, Holmdel (NJ); in summer
2001, the Electrical Engineering Department of the
being H = [, s(/IC — ¢;11) dC. ical Engineering Dep

. Stanford University and finally in summer 2003, the IP Group ptir,
Applying Lemma 2 we have that, w.h.p., uniformly ov&r agvanced Technologies Laboratories, Burlingame CA. Higaesh interests
U(Ar) > m/(2L%)|Ay| andU (A4y) < 2m/L?| Ay|. Moreover, are in the field of performance evaluation of wireless netsp2P systems,

we observe that i}, 4 s(dox)|Ax| andY", 4 s(dy,)|Ax| can Packet switching.
be interpreted, respectively, as lower Riemann sum andruppe

Riemann sum off,, % s(||€ — &) d&; ii) since n(m) = o(1),

the mesh size of the partitions associated to Riemann sums

vanishes to 0 as — co. As a consequence: Valentina Martina was born in Turin on August
q ~ q 3rd, 1982. She graduated from Politecnico di Torino
Zﬁs(d%ﬂAk\ ~ Z Es(dokﬂAk‘ ~ in Mathematical modelling in Engineering in July
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and we conclude that 5 5
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