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Abstract

We analyze the capacity scaling laws of wireless ad hoc n&svoomprising significant inho-
mogeneities in the node spatial distribution over the ndtwarea. In particular, we consider nodes
placed according to a shot-noise Cox process, which allowwmddel the clustering behavior usually
recognized in large-scale systems. For this class of n&syare introduce novel techniques to compute
upper bounds to the available per-flow throughput as the eurabnodes tends to infinity, which are

tight in the case of interference limited systems.

. INTRODUCTION AND RELATED WORK

Wireless ad-hoc networks have been traditionally modedledh set of nodes placed over a
finite bi-dimensional domain and communicating among thpasgibly in a multi-hop fashion)
over point-to-point wireless links subject to mutual iféeence. In their seminal work, Gupta
and Kumar [1] have considered a model in whicktatic nodes are placed in a disk of unit area,
and establism source-destination flows. For arbitrary network topolsgigey obtain that the
per-flow throughput i$D(1/4/n), thus providing an upper bound to the performance achievabl
under any node placement. In the case of nodes uniformlsitaistd over the area, they propose
a scheme achievin®(1/y/nlogn) per-node throughput. Later on, Franceschetti at al. [2khav
applied percolation theory results to show tkxtl /\/n) transmission rate is achievable by the
flows also under the uniform node distribution.

The goal of our work is to extend the capacity scaling analiginetworks exhibiting a much

higher variability in the node spatial distribution tharetbne resulting from a homogeneous



Poisson point process. Indeed, almost all large-scaletates created by human or natural
processes over geographical distances (such as urban-arlsam settlements) are characterized
by significant degrees of clustering, due to spontaneouspgng of the nodes around a few
attraction points. This motivated us to considering a ganelass of clustered point processes
referred to as shot-noise Cox processes [3], which includesral special cases widely used
in many different fields, such as Neyman-Scott process [4lEN cluster process [5], Thomas
process [6].

While analyzing the impact on the network capacity of suchenphcement processes, we
maintain the basic assumptions originally introduced bypt@uand Kumar, and derive upper
bounds to the per-flow throughput as the number of nodes (amdhiamber of clusters) tends
to infinity. Our main finding is that the network capacity igrinsically related to the minimum
intensity of the overall point process over the area. In assp paper [7], we introduce a class of
scheduling and routing schemes that approach the limiteepted here (up to a poly-log factor),
thus showing that our upper bounds are tight for the case ichmie system performance is
limited by interference among concurrent transmissions.

To the best of our knowledge, only a few works have analyzeddipacity of clustered
networks. In [8], Toumpis considers a setofodes wishing to communicate ta = O(n?)
cluster head$0 < d < 1), and discovers that the network throughput can be limitedhey
formation of bottlenecks at the clusters heads. Both sousoelscluster heads are uniformly
distributed, so the overall node density does not exhillibimogeneities.

The deterministic approach proposed in [9] allows to dedapacity results also for some
non-i.i.d. node distributions. In particular, the authoosisider nodes distributed ovefn lines,
or clustered aroung/n neighborhoods. In both cases, a regular square tesseltdtibe network
area can be built in such a way that no squarelet is empty wtple the maximum number
of nodes in each squarelet increases at most as a poly-lagdarof n. Therefore, the network
does not contain significant inhomogeneities, and the tiegutapacity is similar to that derived
by Gupta and Kumar.

In [10] the authors consider a system which contains mamgular clusters with uniform
node density within them, whose centres are distributedrdatg to a Poisson process over the
network area (a M&tn cluster process). Moreover, clusters are surrounded $ga of nodes

with much lower node density. The only quantity that scalés w is the network size. Below



a critical network size, the per-node throughput is limitgdthe amount of data that a cluster
can exchange with the sea of nodes, whereas above the Icsizeathe per-node throughput
is limited by the capacity of the sea of nodes. In contrastl@],[we consider a more general
shot-noise Cox process, and we let the density of clustestt@number of nodes per cluster)
to scale withn as well. Moreover our techniques to compute upper boundeeaaapacity are
totally different.

The authors of [11] consider nodes placed according to Boistuster processes similar
to ours, and focus their attention on a specific transmiteeiver pair at a distancg apart.
They characterize the distributional properties of theriigrence at the receiver, and the outage
probability under Rayleigh fading.

In [12] the authors present a spatial framework to upper date number of simultaneous
transmissions in a network with general topology. Howelteirs unclear how their approach
can be used to upper bound the capacity of the class of netwanksidered here, and the

corresponding per-flow throughput.

II. SYSTEM ASSUMPTIONS ANDNOTATION
A. Network Topology

We consider networks composed of a random nunmbef nodes (being”[N| = n) distributed
over a square regio® of edgeL. To avoid border effects, we consider wrap-around conuktio
at the network edges (i.e., the network area is assumed tbebsutface of a two-dimensional
Torus). The network physical extensidnis allowed to scale with the average number of nodes,
since this is expected to occur in many growing systems. ddirout this work we will always
assume thal = ©(n®), with o > 0.

The clustering behavior of large scale systems is takendntmunt assuming that nodes are
placed according to a shot-noise Cox process (SNCP). An SNCBecaaonveniently described
by the following construction. We first specify a point pres& of cluster centres, whose
positions are denoted b = {¢;}}Z,, where M is a random number with averagg\/] = m.

In the literature the centre points are also called parent or mother points. Each centre point
¢; in turn generates a point process of nodes whose intensgyisagiven byg;k(c;, &), where
¢; € (0,00) and k(c;,-) is a dispersion density function, also called kernel, ortsho the

literature the nodes generated by each centre are referi@sl dffspring or daughter points. The



overall node procesd/ is then given by the superposition of the individual proessgenerated

by the cluster centres. The conditional local intensity aif the resulting SNCP is
O(E) = qik(c;, €)
j

Notice that®(&) is a random field, in the sense that, conditionally over(@ll ¢;), the node
processV is an (inhomogeneous) Poisson point process with intefisitgtion ®. We denote
by X = {X;}¥, the collection of nodes positions in a given realization e SNCP.

In this work we restrict ourselves to kernéi&:;, -) which are invariant under both translation
and rotation, i.e.k(c;, &) = k(|| —¢;||) depends only on the euclidean distatj€e-¢;|| of point
¢ from the cluster centre,. Moreover we assume thaf{c;,-) is a summable, non-increasing,
bounded and continuous function whose integfak(c;, &) d¢ over the entire network area is
finite and equal to 1. In practice, the kernels considereduinveork can be specified by first
defining a non-increasing, bounded and continuous funatiphsuch that/* p s(p) dp < oo !

and then normalizing it over the network ar@a

| s(le = o)
Herd) = Tillc oA

Notice that in our asymptotic analy$iwe can neglect the normalizing factfr s([|¢—¢;|) d¢ =

©(1). Moreoverk(c;, &) = O(s(||€—¢;ll)). At last, we observe that, in order to have finite integral
over increasing networks areas, functiorip) must beo(p=2), i.e., they must have a tail that
decays with the distance faster than quadratically.

Under the above assumptions on the kernel shape, the qugntijuals the average number of
nodes generated by cluster centfeWe assume that all cluster centres generate on average the
same number of nodes, henge= ¢ = n/m. In our work, we lety scale withn as well (clusters
are expected to grow in size as the number of nodes increddas)is achieved assuming that
the average number of cluster centres scales.as ©(n”), with v € (0, 1]. Consequently, the
average number of nodes per cluster scaleg-ad(n'™").

At last we need to specify the point proces®f cluster centres. We consider two different

models:

In the casex = 0 the conditionf0°<> p s(p)dp < oo can be relaxed t(fOL p s(p)dp < C for someC > 0.

2Given two functionsf(n) > 0 and g(n) > 0: f(n) = o(g(n)) meanslim,_.. f(n)/g(n) = 0; f(n) = O(g(n)) means
limsup,, . f(n)/g(n) =c < oo; f(n) = w(g(n)) is equivalent tag(n) = o(f(n)); f(n) = Q(g(n)) is equivalent tag(n) =
O(f(n)); £(n) = ©(g(n)) meansf(n) = O(g(n)) andg(n) = O(f(n)); at last/(n) ~ g(n) meandim, .. f(n)/g(n) =



(a) Cluster Random model with = 0.6. (b) Cluster Grid model withy = 0.3. (c) Cluster Random model withy =
0.3.

Fig. 1. Examples of topologies comprisimg= 10,000 nodes distributed over the squate x 10 (o = 0.25). In all three
casess(p) ~ p~2°. Case 1(a) belongs to theuster-denseegime ¢ < v/2). Cases 1(b) and 1(c) belong to tbleister-sparse
regime ¢ > v/2).

Cluster Grid Model. Clusters centres are placed in a deterministic fashion treevertices
of a regular square grid covering the network atea
Cluster Random Model. Cluster centres are randomly placed according to a Homogsneo

Poisson Process (HPP) of intensity = m/L? over O.

The Cluster Grid Model is simpler to analyze, because theatlveode process turns out to be

a standard Inhomogeneous Poisson Process (IPP) whossityitever the area can easily be
computed, since the clusters centfésare assigned. This model serves as an intermediate step
towards the analysis of the more complex Cluster Random Model.

For both models, we definé. = L/\/m = ©(n®~*/?). This quantity represents, in the case
of the Cluster Grid Model, the distance between two neighgpdluster centres on the grid; in
the case of the Cluster Random Mod¢l,is the edge of the square where the expected number
of cluster centres falling in it is equals to 1. We celuster-denseegime the caser < v/2,
in which d. tends to zero am increases. We caltluster-sparseaegime the caser > v/2, in
which d, tends to infinity anmn increases.

Figure 1 shows three examples of the kind of topologies dened in this paper, in the case

of n =10,000 anda = 0.25. In all three cases we have assumégd) ~ p~2°.



B. Communication Model

We assume that time is divided into slots of equal duratiowl #hat in each slot an optimal
scheduling policy enables a set of transmitter-receivasga communicate over point-to-point
wireless links which are modelled as Gaussian channelsibbandwidth. We consider point-to-
point coding and decoding, hence signals received fromsiotteer than the (unique) transmitter
are regarded as noise. We remark that this is not the mostajesedting from an information
theory point of view, as nodes could potentially employ carapive coding-decoding schemes.

We assume that interference among simultaneous transmiss described by the so called
generalized physical modehccording to which the rate achievable by nadgansmitting to

node; in a given time slot is limited to
Rij = 10g2(1 + SlNRj)

where SINR is the signal to interference and noise ratio at recejver

Py
SINR; = Y
7 No+ > ke gz Pielkj

Here,A is the set of nodes which are enabled to transmit in the gil#n/3 is the power emitted

by nodes, ¢;; is the power attenuation betweérandj, and N, is the ambient noise power. The
power attenuation is assumed to be a deterministic funciidhe distancel;; between: andj,
according to/;; = d;;”, with v > 2. One drawback of this model is that the received power (and
the corresponding rate) is amplified to unrealistic levelemd;; tends to zero. Some authors
have suggested to account for near-field propagation dffebbunding the attenuation function
to 1:4;; = min{1,d;;” }. However, any fixed bound leads to pathological throughegtadation

in network regions where the node density tends to infingypainted out in [13]. To avoid such
problems, we simply assume that the achievable rate on akycénnot grow arbitrarily large,
but is bounded by a constafil, due to physical limitations of transmitters/receivers Ximaum
data speed of I/O devices, finite set of possible modulatihemes, etc). Therefore we consider

the following variant of thegeneralized physical model
R;; = min{ Ry, log,(1 + SINR;) }

while keeping?;; = d;;”, for any d;;.

We assume that nodes can employ different transmitting pwaecording to an optimal

strategy of power assignment to simultaneous transmission



C. Traffic Model

Similarly to previous work we focus opermutation traffic patternsi.e., traffic patterns
according to which every node is source and destination aiglesdata flow at rate.. Sources
and destinations of data flows are randomly matched, eskédj N end-to-end flows in the
network. Note that a permutation traffic pattern is represgiy a traffic matrix of the form
A = \A being A a permutation matrix (i.e., a binary valued doubly stodoasiatrix).

Let B(t) be the network backlog, that is, the number of data unitadirgenerated by sources
which have not yet been delivered to destinations at tinwe say that traffic\A is sustainable

if there exists a scheduling-routing policy such thatsup, .. B(t)/t =0 w.p.1.

D. Asymptotic Analysis of the Capacity

As the average number of nodes increases, we generate anseqfesystems indexed by
To summarize, the quantities that dependnoare: i) the network physical extensidn= n*; ii)
the number of cluster centres = n”, and consequently the average number of nodes belonging
to the same clustey = n'™”. We are essentially interested in establishing how the owtw
capacity scales witlw under the assumptions we have introduced above on netwpdtotyy,
communication model and traffic pattern. The per-node dgpacO(h(n)) if, given a sequence
of random permutation traffic patterns with rate= h(n), there exist two constants ¢’ such
thatc < ¢ and both the following properties hold:

lim,, ., Pr{cA™ is sustainablp= 1

lim,, .. Pr{c’A™ is sustainablp < 1
Equivalently, we say in this case that thetwork capacityor maximum network throughput)
is O(nh(n)).

To facilitate the reader, we have reported in Table | a coblexf system parameters frequently

used in the rest of the paper.

[Il. ASYMPTOTIC ANALYSIS OF THESNCP

In this section we characterize the asymptotic behaviotheflocal intensity®(¢) resulting
from the considered shot-noise Cox process of node placeaventthe area. Recall that the

conditional local intensity of nodes at poigitcan be written a®(£) = >, g k(c;, §). For both



Symbol | Definition

n Average number of nodes

L Edge length of the network area

@ Growth exponent of.: L = 0O(n%), a >0

m Average number of cluster centres

v Growth exponent ofn : m = 0(n"), 0 <v <1

q Average number of nodes per cluster= ©(n'™")
e Density of clusters centres over the arga,= m/L>
de Typical distance between cluster centrds= ©(n®~"/?)
s(p) Radial shape of rotationally invariant kernel

A Per-flow throughput

TABLE |
SYSTEM PARAMETERS

Cluster Grid and Cluster Random models, we define the followirmgguantities® = sup,, ®(€)

and ® = infp ®(¢), denoting, respectively, the maximum and the minimunmb@f) over O.

A. Cluster Grid Model

In the Cluster Grid modelp and® are two deterministic values depending only on the system
parametersy, v, s(-), since cluster centres in this case are regularly placed thvearea, so
that nodes are positioned according to an IPP with spatek(thinistic) intensityd(¢). Recall
that d, = ©(n*¥/?) is the separation of cluster centres over the grid. It is tfemaimmediate
verification, that, wheneved. = O(1), we have® = O(®) = O(%). Whend, = w(1),

@ = o(®), being® = O(gs(d.)) and® = O(q).

B. Cluster Random Model

Things are slightly more involved in the Cluster Random moitekhis case h bot and
® are random variables which depend also on the positioms the cluster centres, which are
distributed according to an HPP of rate = m/L?. We will need the following lemma, which
has been widely used in previous work:

Lemma 1: Consider a set of point€ distributed overO according to an HPP at rate

¢.=m/L?. Let A be a regular tessellation @ (or any sub-region of?), whose tilesA;



have a surfaceA,| non smaller thamﬁ%, Vk. Let U(Ax) be the number of points of
falling in A;. Then, uniformly over the tessellatiofy,(A) is comprised w.h.p. betweeﬁ@
and 2¢.| A, i.e., ZL%L < inf, U(A) < supy, U(A) < 20| Axl.

We do not repeat the proof of this lemma, which is based on radatd application of the
Chernoff bound (see for example [14]).

Corollary 1: As immediate consequence of lemma 1, if we consider a regegaellation in
which |Ax| = O(logm/¢.), Yk, then uniformly over the tessellatidii(Ax) = O(logm).

The following theorem characterizes the extreme valuehefldcal intensity as function of
d. = L/\/m.

Theorem 1: Consider nodes distributed according to a Cluster Random mdds
n(m) = d./logm. If n(m) = o(1), then it is possible to find two positive constapts, with
g < G, such thatv§, € O,

ﬁ < D(&) < G% w.h.p. (1)

which means that® = ©(®). More in general, it results® = O(qlogm) and
@ = Q(glogm s(d/Togm)).

Proof: The main steps of the proof are: i) the dom&mis divided into squarelets; i) the
local intensity atf, is expressed as sum of contributions, each due to clustdéreselocated
in the same squarelet; ii) applying Lemma 1 every contrdsuis bounded w.h.p. (both from
below and from above); iii) the upper (lower) bound is showrtonverge w.h.p. to some value
for n — oo.

More in details, consider a generic pofte O By definition:
M
s(l160 — ¢l
=) _qk(oc
Z; 0 %) E: s(1¢ = eI} d¢

Now, let A denote a regular square tessellatlon(’hfsuch that each squareldi, has area

|Ax| = 16 7%(m). Let d,;,, anddy,, be, respectively, the inferior and the superior of the dists
between pointg € A, and&, i.e., dy, = infeea, [|€ — &oll anddo, = supge 4, [|€ — &olf; at last,
let U(A) and U(A;) be, respectively, a lower bound and an upper bound to the eumib

cluster centres falling i4,. It results:

Z%S(agk)U(Ak < (I) 50 Z q dOk )
k

being 1 = [, (/¢ — ¢;]) d¢
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Applying Lemma 1 we have that, w.h.p., uniformly ovér U(A;) > m/(2L?)|Ax| and
U(Ax) < 2m/L?|A;|. Moreover, we observe thatY), 4 s(dox)|Ax| andy", £ s(dy,,)| Ax| can be
interpreted, respectively, as lower Riemann sum and uppendtia sum off, L s(||& —&|) d&;
i) since n(m) = o(1), the mesh size of the partitions associated to Riemann sunishes to

0 asn — oo. As a consequence:
n
S ool ~ 3 stdaanl~ 5 [ ol -l ae ==

and we conclude that:

n m 2m  2n
- = — (D R
57z = U7 < &) <q

2 12
Thus (1) is verified for any) < ¢ < 1/2 andG > 2.

Whenn(m) = Q(1), Y-, Ls(dy,)U(Ax) and >, Ls(do,)U(Ay) provide, respectively, an up-
per bound and a lower bound to the local intensity. It turrts Bty < s(dy,)U(Ag) = O(q logm)
and =, #s(dox)U(Ax) = Qg logm s(d./log m)) m

The above results show that, for both Cluster Grid and Clusted&a models® = O(®) in
the cluster-denseegime ¢ < v/2), whereasb = o(®) in the cluster-sparseegime ¢ > v/2).

In the following we will focus on the most interesting casewhich ® = o(®), considering
separately the Cluster Grid model in Section 1V and the CluBndom model in Section V.
In Section VI we will briefly discuss the case = ©(®) under both Cluster Grid and Cluster

Random models.

IV. CAPACITY BOUNDS FOR THECLUSTER GRID MODEL

Using a combination of geometric and percolation argumeméswill show that:
Theorem 2: Under thecluster-sparseregime, the per-node throughput in the Cluster Grid

model is upper-bounded, in order sense, by

A= O(%) if  d./p=w(logn) (2)
A= O(@logn) if  dey/1t = O(logn) 3)

wherep = ¢ s(d.).
Proof: The proof of (2) is provided in Section IV-A. The proof of (3) provided in Section
IV-B.
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A. The cluster sparse regime with,/;t = w(logn)

We consider a rectangle of siZg/2 x L located in between two adjacent columns of clusters
centres, as illustrated by the shaded area in Figure 2. Wanadbthat the local intensity of nodes
is ®(&) = O (gs(d.)) at any point¢ within the considered rectangle. Actually, the maximum
node density within the rectangle, denoted dy, is found at points located at distandg/4
from one cluster centre, such as poftin Figure 2.

We divide the above rectangle into squafesf area|Z| and edge length. Note that, being
the nodes distributed according to an IPP, the random Jagabpresenting the number of nodes
falling in each square are independent (although they arédeatically distributed).

We set|Z| in such a way that the probability that an arbitrary squarthiwithe rectangle
contains no node is larger than the critical probabjity~ 0.59 of independent site percolation in
the square lattice [18]. Having chosgn> p?, the above condition is satisfied when®#!?l =
p, i.e., by setting|Z| = —f’g. Notice that in this case the square edge- ©(1/\/®p) =
o(d./logn). By this choice of|Z|, percolation results similar to those exploited in [2], and
reported in Appendix A, guarantee w.h.p. the existencehiwithe considered rectangle, of at
least one path (actuall}(d./z) non-overlapping paths) formed by empty squares and congect
the top edge with the bottom edge of the rectangle. An exawfgigp-to-bottom crossing path is
depicted in Figure 2. Such paths behave almost as straigg, land in fact there exists (w.h.p.)
at least one crossing path comprisi®gL/z) squares of aregZ| (see Appendix A).

We consider such a path, and observe that it divides the netar@a into two parts each
comprisingm/2 clusters. Our goal is to upper bound the amount of informmaffo that can
flow from left to right through the cut delimited by the considd path. Since there are w.h.p.
©(n) end-to-end data flows necessarily routed across the cupahaode throughput can then
be upper bounded b /n.

To evaluateF we first consider, for simplicity, the case in which the topgebttom crossing
path is exactly a straight line, and later extend the amalysi an arbitrary crossing path
comprising a number of empty squarks= O(L/z). As illustrated in Figure 3, we partition
the left side of the network area into squares with geonadlyiancreasing edge length. More
specifically, we use squares of edge equak taght in contact with the squares forming the

empty path. To the left of them, we use squares of etlgeTo the left of the latter ones, we
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Fig. 2. Example of empty path cutting the grid in two halves

16z 8z 4z 2zz2z

Fig. 3. Example of tessellation of the left portion of the network area witlasguhaving geometrically increasing edge length

use squares of edgke and so on until we cover the entire left side of the networlaare
Now, let us focus on a generic squateof edge2’z, with j > 0, such as the shaded one in

Figure 3, and let, 4 be the number of nodes within it. We are going to show that tmertbution
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F 4 of information sent by nodes id through the cut is finite, even neglecting the interference
produced by nodes residing in all of the other squares. Thisaillow us to upper boundr by
the total number of squares forming our tessellation of #fedide of the network area.

The best case for a transmittedocated within A is represented in Figure 3. Transmitter
is located in one corner aofl, and its intended receiver is located at the minimum possible
distance right after the empty path, which2&:. All other transmittersi (if any), acting as
interferers, are located in the opposite corner, and thsiace from node is equal toyv/5 27z.

It can be rather easily verified that it is not possible to iovar the SINR at receivej by
moving the receiver to a different position within the rigide of the network area (we omit the
proof). We further assume that the above optimal configomahtiolds for all transmitters within
A, although this is clearly not possible when > 1. However this is not an issue here since
we are interested in obtaining an upper boundrto

To evaluateF, we first consider the simple case in which all nodes witdiremploy the
same transmitting poweP. Next we generalize the analysis to the case in which nodesogm
different powers.

a) Equal transmitting powersif there is only one transmitter i, the contributionf,
of the square is trivially finite, being upper bounded By. If there are multiple transmitters, in

any numbem, (even an infinite number), we can upper boufg as:

. P(22)™
< <
Fa < nymin (Ro,log (1 + N, + (A — 1)P(\/5 2],2)7)) <

P(22)™ )
Ny + (ng —1)P(+/5 2z)=
Using the fact thatog(1 + ) < z, and neglecting (optimistically) the noise term we have

naP(272)™7 V2 e
Fa < (1~ DP(V522) <572 2=0(1) (5)

We emphasize that the above bound becomes loose when1)P(v/5 272)~7 = o(1), since

< nalog (1 i @)

in this case the ambient noi$&, would be the dominant term in the denominator of (4). In such
a case, we could obtain a tighter upper bound by neglectieagntierference term, and applying
again the inequalityog(1 + x) < z, we would get:

Fy < MAlZ2) T 5\2[]'2)_7 = O(nAP(22)7) (6)

Hence we obtain the following upper bound:
Fa =0 (min(1,naP(2'2)77) (7)
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In this paper we are mainly interested in the performancentgfference limitedsystems, in
which the noise term can indeed be neglected in the expres$iSINR, at least for transmitters
located in proximity of the crossing path (i.e., in squarethw = 0). Therefore we will use the
bound (5) instead of the more general (7), and leave to futark the analysis ohoise limited
systems (or combinenhterference-and noise-limitedsystems).

b) Different transmitting powersiNow we show that no gain can be achieved by employing
different transmitting powers withid. Again, if there is only one transmitter, there is nothing to
prove, since the rate is limited #,. In the case of multiple transmitters, [Btbe the maximum
power employed by nodes withi# (this value can be arbitrarily large). We define a set of power
classes, indexed by such that a node is declared to belong to power clgss=1,2,...) if
its transmitting power falls in the interv&lP/2!, P/2/~']. Let n; be the number of transmitters
in A belonging to power class and F/, be their contribution taF 4.

Let w be the index of the class for which the quanﬂgyﬁ’/2w is maximum among all classes.
We separately analyze the contributigiy from the contribution due to all other classes. An
upper bound taF}y can be obtained assuming that there is no interference peody nodes
belonging to classes other than Moreover, we consider the ideal case in which, in addition
to the optimal nodes’ configuration shown in Figure 3, for &ransmitter in class the useful
signal is sent at the maximum powé’r/Q“’*l, whereas all other interfering nodes in class

transmits at the minimum powd?/2*. We obtain
P/2v=1(292)
Fy < ny,min <R0,log (1+ / (2'2) >> <

N, + (ny — 1)P/20(\/5 2i2)~

Ny + (nyy = 1)P/20(V/5 22)
Similarly to the derivation of (5), we obtain that the cobtriion 7 is finite:
nwp/2w_1(2jz)_“’
~ ‘ <
(ny — 1)P/2w(/5292) 7

For any other class+# w, we instead optimistically neglect the interference dugdosmitters

P/ow=1(2i2)~
< ny log (1 + / (272) )

u 572 4 = O(1)

within the same class. Moreover, we assume that nodes be{png class: transmits at the
maximum powerf?/2i‘1, whereas nodes belonging to class# ¢ transmits at the minimum
powerﬁ/Z’f. By so doing we obtain the upper bound:

. P21 (20 2)~
Fi < i1 1+ - .
> < S (10 g

iFw iFw
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Using againlog(1 + =) < x, and ignoring the impact o,, we have
. P21 (202)
R e
i#w i#w D ki ngP/28(\/5 212) =
Now we observe that, for any+# w,
anﬁ/Zk(\/g 202)77 > anﬁ/gk(\/g 29 2)77
k#i k#w
owing to the definition ofw. Hence we can write,

, . nzp 20127 )
Z.FA < Zz#w _ /k ( ) _ 57/2 9 — @(1)
7 Zkiw ngP/2%(\/5 2i2)~7
It follows that the overall rate produced by squatas finite:
Fa=Fy+> Fy<576=0(1) (8)

iFw
Notice that we have assumed, also in this case, fhatis limited by the interference term.
When >, n; P/2/(272)~" = o(1) a better bound is obtained by neglecting the interference, te

obtaining:

Ei”ip/zi_l(?z)ﬂ_ B 1oi—1 707 .\~
Fa < 7 =) ;nZP/Q (272)

however we do not further investigate theise-limitedregime in our analysis.

From the above discussion, we conclude that, irrespecfiviheo power strategy employed

in the network,F can be upper bounded by the total number of squares in thddeoed
tessellation of the area to the left of the empty path. lLdie the number of of empty squares
forming the crossing path. Let, = [. be the number of squares of edgeThe number of
squares of edgez is £y = E,/2. In general, the number of squares of edgeis £; = Ey/27.
We should mention that it is not typically possible to fit ateger number of squares of any
size along the network extensfo. However, it can be easily shown (we omit the proof) that
rounding effects do not alter, in order sense, the upper daltained in the casé can be
divided perfectly by lengthg? .

Since numberd’; form a geometric series, the total number of squares appesaé, as the

maximum indexj tends to infinity (notice that the maximum indg¢xgrows adog n). Considering

3In practice, one can buildL/(27z)] squares plus at most one rectangle of vertical size smaller 2hanand repeat the

same arguments.
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Fig. 4. Example of construction of sef{j, ) in the network area to the left of a general top-to-bottom crossing patheln

casej = 2, borderB is partitioned into groups of adjacent edges with cardinality 4.

thatl. = ©(L/z), z = ©(1//®p), ®p = O(gqs(d.)), and that there are flows traversing the
cut, the final per-node throughput is upper-bounded, inrosdase, by\ = O(L\/m/n).
|

We now extend the analysis to a generic path crossing theonetarea from top to bottom
and comprising. = ©(L/z) empty squares of edge Following the same rationale illustrated
in Figure 3, we partition the network area to the left of thessing path into set§(j,:) each
providing a contributionO(1) to the information flow through the cut, and then evaluate the
number of setsS(j, ).

To build setsS(j,7), we consider the borde separating the crossing path from the right
part of the network area (this border is represented in Eiguby a thick solid line). For each
point P in the left part of the area, we identify the poiRt € 5 at minimum euclidean distance
from P, and denote such minimum distance &y (see example in Figure 4). Now, distance

dp belongs to one of interval®’z, 27! z], with j > 0, and this provides us with the index
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used to classify poinP into one of setsS(j, 7).

Given the value ofj, we partition borde3 into groups of adjacent edges each comprigihg
edges of lengthe, and progressively number such groups using indelong border3, from
the top to the bottom edge. We then associate to pBimhe index: of the group comprising
point P’ 4. For the example in Figure 4, poiit is characterized by = 2. Moreover, point
P’ belongs to the 11th group of cardinalityconstructed along borde$ from the top to the
bottom edge (comprising edges in between paingdb indicated in Figure 4) . The set of all
points belonging to sef(2,11) (including P) is represented in Figure 4 by a shaded region.

We observe that, in the case of a straight crossing path,&gt$) are exactly congruent
to the squares of geometrically increasing edges illlestrat Figure 3. However, for a general
crossing path the number of non-void sét§j, i) can be smaller than the number of squares
build in the case of a straight path. For example, in FiguréelgetS(2,7) anchored to the
group of edges between point&ndd is empty. We conclude that the cardinality of s&1g, i)
is upper bounded bgF,.

It remains to show that each set, considered in isolatiooviges a contributiorO(1) to the
information flow through the cut, irrespective of its shapel af the number of transmitters
in it. This can be done following the same rationale adoptedhe case of squares. Indeed,
the minimum distance between a transmitter in Séf,7) and a receiver across the cut is,
by construction,2’z. Moreover, by triangular inequality the maximum distanegw®een any
interferer belonging to the same set and receives at most2/™1z + 272 = 3. 272z, Hence we
can repeat the same derivation of equations (5) and (8) @singplace of 5. We conclude that
(2) holds also for a general crossing path of length- ©(L/z), whose existence is guaranteed

by the percolation arguments in Appendix A.

B. The cluster sparse regime with, /11 = O(logn)

This case occurs when the local intensity of nodes in the mgion between two adjacent

cluster centres is so low that the edge length ©(1//®p) becomes comparable or even larger

“Edge vertices belong to the group having the smallest iridé#oreover, if there multiple point$’ at minimum distance

form P, we take theP belonging to the group having the smallest index
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thand., so that (2) no longer applies. In this case we repeat the samsgtruction as before,
selecting a rectangle of siz&./2 x L in between two adjacent columns of clusters centres

(Figure 2), and divide it into squares of area|Z| and edge lengtlr. However in this case,

irrespective of®, z is chosen to be = —4—, wherex > 0 is a suitable constant.

klogn’

Notice that, whend../i = ©(logn), the probabilityp that an arbitrary square within the

rectangle contains no node can be made larger than theatpticbability p; ~ 0.59 by setting

|Z] > —loqffg, i.e., by selectings large enough; whed. /i1 = o(logn), instead,p — 1 asn
increases for any choice af > 0.

By an appropriate choice af, the same percolation results reported in Appendix A, guama
(w.h.p.) also in this case the existence, within the comsmieectangle, of at least one path
(actually, ©(logn) non-overlapping paths) formed by empty squares and congetiie top
edge with the bottom edge of the rectangle. Thus repeatiagdme arguments of Section IV
we obtain that the per-node throughput is upper-bounded byO (%) =0 (Vn—alog n)
This concludes the proof of Theorem 2. [ |

V. CAPACITY BOUNDS FOR THECLUSTER RANDOM MODEL

For the Cluster Random Model, we obtain upper bounds very todeose obtained for the
Cluster Grid model.
Theorem 3: Under thecluster-sparseegime, the per-node throughput in the Cluster Random

model is upper-bounded, in order sense, by

A= 0O (%) if  dey/1t=w(logn) (9)
A= 0 (@10@1) if d./pw = O(logn) (10)

whereu = ¢ s(d..) log n.

Proof: The above upper bounds to the per-flow throughput are agasnell by evaluating
the network flow through a cut traversed ®yn) end-to-end flows, which approximately divides
the network area into two halves. Also in this case, the idet ifind an empty path crossing
the network area from the top to the bottom edge, and lying megon of minimal node
density. However, here the approach is made slightly moreptioated by the randomness of
the clusters positions. We proceed in two steps: first wetifyem large crossing path formed by

big squares in which there are no cluster centres. Then we auhinner crossing path, nested
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v

Fig. 5. Construction of a top-to-bottom crossing path nested in a largetotbpttom crossing path in which there are no

cluster centres (represented by dots).

in the previous path, formed by smaller squares in whichettage no nodes, and to which we
can apply the same results derived in Section IV. Figure &refa graphical representation of
this construction. We now formalize the above idea and cdaenpusimple upper bound to the
resulting network capacity.

In the first step, we use squartsof area|l/| and edge length. Similarly to what has been
done in Section IV, we sét/| in such a way that the probability that an arbitrary squardgaios
no cluster centre is larger than the critical probabilify~ 0.59 of independent site percolation
in the square lattice. Having chosen> p?, the above condition is satisfied when?:!Vl = p,
i.e., by setting|V'| = —%2. Notice thatv = ©/(d,).

Then the same percolation arguments used before allows/tthag in a rectangld./c x L
embedded in the network areaié an arbitrary constant larger than 2), one can find w.h.p. at

least one top-to-bottom crossing p&hformed byl, = ©(L/v) squared/ in which there are no
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cluster centres. Notice that, for any- 2, there are w.h.p9(n) end-to-end data flows necessarily
routed across the path. We remark that crossing Patlepends on the cluster centres’ positions
C.

Focusing on a given crossing path we consider the inner, centered pdtlof width v/2 (see
Figure 5). Since, by construction, no cluster centres fahiw P, the density of nodes at every
point ¢ of Z can be upper bounded w.h.p. by a constant vdlugspecified later). Similarly to
what has been done in Section 1¥,is then partitioned into squares of area|Z’| and edge
length 2/, and we look for a top-to-bottom crossing path witllirmade of empty squares’.
Since the intensity at every poite Z is dominated byd», the random variables denoting the
number of nodes in different squarés are dominated by i.i.d variables distributed according
to a Poisson distribution with meabp|Z’|. Thus we can apply again the percolation results
of Appendix 2. In particular, by an appropriate choice gf the (conditional) probability that
there is no top-to-bottom crossing path of squafrésvithin Z decreases exponentially to zero
as n goes to infinity. Moreover, there exists at least one crgsgiath formed by a number
I, =0O(L/2") of empty squares of edgg (using again the same argument as in Appendix A).

We conclude that, w.h.p., the above two nested crossings path be found. Then we can
apply exactly the same techniques described in Section Iypper bound the capacity through
the inner crossing path (the one formed by squarg@sThe only difference with respect to the
previous calculation lies in the size of which is directly related to the maximum node density
®p within pathZ.

Differently from the Cluster Grid model, in which cluster ¢tess are regularly spaced, we
have to account for the possibility that some squafeght in contact to the outer crossing path
P (for example, squard in Figure 5) are highly populated by cluster centres, witlbasequent
increase of the node density within A simple upper bound t@, can be obtained considering
that, by corollary 1, uniformly over the entire tessellatiof the network area, all squarés
containsO(log m) = O(logn) cluster centres. Under the optimistic assumption thatclbases
contain©(logn) cluster centres, the maximum node density withirs ®p = O(q s(d.) logn).

Similarly to Section IV, we have to distinguish the two cagesvhich d../®p = w(logn) or

SA top-to-bottom crossing path does not exist only if at least one ofatte/z’) nodes on one side of pathis connected,

in lattice L, to a node on the other side @f Hence we can repeat exactly the same arguments of Appendix A.
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cluster-denséLB=UB) | cluster-sparsgLB) (from [7]) cluster-spars€UB)

Cluster Grid ﬁ max {Li”q:(d”), @} max {Li“q:MU), @ log n}
Cluster Random - max{% Vicen) ‘/—f} max{Li”S(:C)lOg", VI Jog n}

TABLE I

THE PERFLOW THROUGHPUT ACHIEVABLE IN DIFFERENT CASESLB (UB) STANDS FORLOWER BOUND (UPPERBOUND).

d.v/®p = O(logn), obtaining upper bounds to the per-node capacities give(@pwnd (10),

respectively. We observe that the above upper bounds fdCliter Random model differs by a

factor at most/log n from the corresponding upper bounds obtained for the Cl@tier model.
u

VI. THE CLUSTERDENSE REGIME

In this case, as proved in Section lit,= ©(®) = ©(%) under both Cluster Grid and Cluster
Random models, hencg({) = ©(7z) at any point{ € O. In [7] we show that in this case it
is possible to achieve the upper boukd= O(1//n) valid for arbitrary node placement (see
[1] and extensions in [15]). We observe that an alternatigofof this bound can be obtained
using the technique described in this paper, i.e., lookorgaf top-to-bottom crossing path in a
rectangleL/c x L (c > 2) arbitrarily placed in the network area, and takiftg = ® as the

maximum node density within it.

VIl. SUMMARY OF RESULTS

Table VII summarizes the maximum achievable per-flow thhpug (in order sense) under the
cluster-denséa < v/2) andcluster-sparséa« > v/2) regimes, for both Cluster Grid and Cluster
Random models. The table reports the upper bounds (UB) obtamnhis paper, together with
the corresponding lower bounds (LB) derived in [7]. We obseéhat the lower bound coincides
with the upper bound in theluster-denseegime. In thecluster-sparseaegime, upper and lower
bounds differ at most by a poly-log factor, under the assiwonphat the system is limited by
interference.

Lower bounds have been derived in [7] by introducing a cladsscbeduling and routing

schemes which allows to achieve the capacity reported iteTdb. The main idea in [7] is to
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Fig. 6. Per-node throughput (g, scale) as a function of andv, in the casex = 0.3

extract a subset of nodes distributed according to an honemyes Poisson process with intensity
equal to the minimum node densify over the area, and use this subset as the main transport
infrastructure (highway system) of the network. The maiallemge is to design clever scheduling
and routing scheme to exploit the capacity provided by thénnrdrastructure avoiding the
formation of bottlenecks while traffic moves towards thehwgy system from network regions

having higher node density.

A. Graphical representation of results

To illustrate graphically our results, we consider the riesting case of functions(p) whose
tail decays as a power-law{p) ~ p~9, for § > 2. For the Cluster Grid model, we obtain that,
in the cluster-sparse regime ¢ v/2), i = O(n'~v~%@=¥/2)), Hence applying (2) the per-node
throughput is\ = O (po~ (¢ +D/2H@=v/2)9/2) "provided thal (v — 1)+ (2a—v)(§—2) < 0. In this
case the width: of the empty path i©(n"), wherer = (v — 1)/2+ (a — v/2)d/2. We remark
that, if 7 > 0, nodes get increasingly far apart in low-density regionspsr bound is tight only
when nodes can compensate for the distance scaling up thte@mpower (as:” 7). Otherwise
the network isnoise-limitedand the proposed bound becomes loose. et 0, instead, the
network isinterference-limiteceven if the nodes’ transmission power is bounded.

In Figure 6 we have reported, usingla@g, vertical scale, the per-node capacity for fixed
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a = 0.3, letting bothé and v vary. Notice that on this scale we can neglegin factors, thus
results under the Cluster Random model look the same. We a@bg®wthecluster-denseegime,
in which A = O(1/+/n), occurs for allv > 0.6, independently of. In thecluster-sparseegime,
the per-node capacity decreases for increasing valuesamid decreasing values of When
2(v — 1) + (2a — v)(6 — 2) > 0, the per-node capacity is = O(n*/>~!logn) and approaches
1/n asv tends to 0. At last, points below the contour curve drawn endhrface at\ = n°7
are characterized by > 0, hence in this region the network mise-limitedif the transmission

power is bounded.

VIIl. CONCLUSIONS

In this paper we have studied the asymptotic capacity oftetad, random networks in
which the local intensity of the node process can vary sicgifily across the network area,
determining orders of magnitude difference between higihsdy and low-density regions. Using
a combination of geometric and percolation arguments, we lodtained upper bounds to the
per-node capacity which are tight for interference limigdtems. Additional work is needed

to obtain tight upper bounds also for noise-limited systems
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APPENDIXA

PERCOLATION THEORY RESULTS

In this Section, we provide the percolation theory argumehat are needed to show the
existence of an empty path of leng®(L) and width((z) cutting the network area in two
regions of are®(L?).

Let Lo = Z? be the planar square lattice, and A&§ be the graph with vertex s&t in which
we add both diagonals to each face, so that any two vertices at Euclidean distance 1 or
V2 are adjacent. Each vertex @f, also called a site, is in one of two states: open or closed.
We consider the product probability measlitgin which each site is open independently with
probability p (equivalently, closed with probability — p).

For £L = Lg or Lx, the open cluste€’, containing the generic vertex is the set of open
vertices that may be reached framby a path in the graplf all of whose vertices are open.
The number of vertices if’, is denoted byC,|. The radiusrad(C,) of the open cluste€, is
the maximum distance (in graph-theoretic sense) betweamd other vertices belonging ,.

Let pi(Lo) and p3(Lx) be the critical probabilities for site percolation afy and Lg,

respectively. We recall that the critical probability isfided as
p: = sup{p : P,(|Cy| = 00) = 0}
It was proved by Russo [16] that

pe(Lo) +pi(Lfr) =1 (11)

Below the critical probability, a special case of the genesalilt of Menshikov [17] implies that

for £ or Ly there is exponential decay of the cluster radius. This méaats for anyp < p?,
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Fig. 7. Example of vertical open path in a rectangle with- 5, v = 9. There cannot exist an horizontal path of closed sites

in the same rectangle.

there existz(p) > 0 such that
P,(rad(C,) > m) < e ™ ®  for all m (12)

Let R = [h] x [v] be anh by v rectangle embedded #*. Let V2_ be the event that there
is a path of open sites crossitg vertically in graphLp, and H7  be the event that there is a
path of closed sites crossing horizontally in graphCx.

It can be easily seen (Figure 7) that, whatever the statebeokites inR, there is either a
path of open sites crossing vertically in £, or a path of closed sites crossifghorizontally
in Lx. This implies that the probability that there does not eaisertical crossing of open sites
equals the probability that there exists an horizontalsingsof closed sites. In particular, in the

case of independent state assignment to sites, we can write
1— PP(VLOD> = ]P)p(HEg)
Let v, ...y, be the vertices along one vertical side ®f We denote byH; the event that site

y; IS connected by a path of closed sites to another vertex gelgrio the opposite side of.

We have ;
PP(HZ,X) = Pp(ui{Hi}) < ZPP(HZ')
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A necessary but not sufficient condition for the evéfjtto occur, is that the closed clustér
C,, has radius larger than or equal o

If we take a site percolation process in graph with p > p3(£Ln), (11) implies thatl — p <
p:(Lx). This means that if we consider the site percolation prooesgraphLx in which each
site is declared open independently with probabitity= 1 — p, we are in the subcritical regime,
and we have exponential decay of the radius of any clustempehaites (closed sites in the

original graph£g) belonging toLx. Hence using (12) we can write for all

Pp<Hz) < Pp/(rad(Cyi) > h) < eth(P/) Vi

Putting things together, we obtain the inequality

1—P,(VE) < ve o0 (13)

Armed with the above result, we go back to the problem of figcam empty path of width
Q(z) crossing the network area from the top to the bottom edgeh EgoareZ within the
rectangled./2 x L can be mapped on a vertex of the square lattice, belongingréatangle
of vertices havingh = d./(2z) andv = L/z. The probabilityp that a vertex is open equals
the probability that the corresponding squafeloes not contain any node. We can thus apply
directly (13) to obtain the probability that there is no taplottom crossing path formed by
empty squares. Such probability tends to zero exponentiath » provided that.o > logv. We
remark that (as required in the derivation of (3) and (109 ldtter inequality can be satisfied
also whenh = x logn, by choosingx large enough (notice thébg v is proportional tologn as
well).

If, for the chosen value op > p?, there is exponential decay of the probability that there
is no top-to-bottom crossing path, one can show an evengsraresult, namely that there is
exponential decay of the probability that there afe= o(h) vertex-disjoint crossing paths. This
means that one can actually find a numbérof distinct crossing paths (not sharing any vertex)
proportional to the width: of the rectangle. To show this fact, we consider a valusuch that
pS < p* < p (for examplep* = (p + p%)/2. Sincep* > p, we have exponential decay of the

probability that there is no top-to-bottom crossing pathhia rectangle in which the probability

®similarly to the open cluster, the closed clustér containing vertex: is the set of closed vertices that may be reached from

u by a path of closed vertices



27

that a vertex is open equals. For p > p*, the event that there is a vertical crossing path is
expected to be more likely to occur. Indeed, one can charaetthe probability that the same
event still occurs even if we alter the stateroérbitrary vertices. This happens only when there
are at least + 1 vertex-disjoint crossing paths. By the site percolatiorsi@r of Theorem 2.45
of [18], the probabilityP,(N. < r) that there are less thary 1 vertex-disjoint crossing paths
can be upper bounded as

]P)p(Nc < 7“) < <L*> Ue—ha(l—p*)
p—p

Denoting byr = gh (0 < 8 < 1) the number of vertex-disjoint crossing paths, the above

probability decays exponentially with provided thatpf’;* —o(1 —p*) < 0, which is satisfied
for 3 small enough. Hence we havé. = O(h). At last, since there arkv total vertices in the
rectangle, if we have more thahh vertex-disjoint paths, at least one of them is formed by a

number of vertices less than or equalit3 = ©(L/z).



