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Abstract

In this paperwe revisit two classesof mobility modelswhich arewidely usedto repre-

sentusers’mobility in wirelessnetworks: RandomWaypoint(RWP) andRandomDirection

(RD). For bothmodelswe obtainsystemsof partialdifferentialequationswhich describethe

evolution of the users’distribution. For the RD model,we show how the equationscanbe

solvedanalyticallybothin thestationaryandtransientregimeadoptingstandardmathematical

techniques.Our maincontributionsarei) simpleexpressionswhich relatethetransientdura-

tion to themodelparameters;ii) thedefinitionof ageneralizedrandomdirectionmodelwhose

stationarydistributionof mobilesin thephysicalspacecorrespondsto anassigneddistribution.

Index Terms

Mobility Models,PartialDifferentialEquations

1 Intr oduction

Mobility modelsplay a fundamentalrole in theanalysisanddesignof wirelesssystems[1, 2]. In

thepastseveralyears,researchershave proposeda numberof mobility modelsfor thepurposeof

simulatingthemovementof usersin awirelessnetwork. Two widely usedmodelsaretheRandom

Waypointmodel (RWP) [3] and the RandomDirection model (RD) [4]. In both models,users

independentlyfollow a sequenceof linearsegmentsandtraverseeachsegmentat constantspeed.

Thetwo modelsdiffer in how a userchoosesthenext segmentto traverse:undertheRWP model,�
A preliminaryversionof this paperappearedat ACM MobiHoc2006.
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a userselectsa randomdestinationpoint within the space;instead,underthe RD modela user

choosesadirectionto travel in andadurationfor thetravel. In bothcases,thespeedon asegment

is takenfrom somegivendistribution. Moreover, beforestartingto travel onthenew segmentusers

canstopfor a randomtime, thusalternatingphasesin which they movewith phasesin which they

keepstill.

Despitetheir wide usein simulationstudies,propertiesof theabovemobility modelshave only

recentlybeenestablishedandfully understood.In [5] theauthorshaveusedPalmcalculusto study

thestationaryregime of a large classof mobility models(includingRWP andRD), explaininga

numberof previouslyobservedphenomenasuchasspeeddecay[12] andnon-uniformdistribution

of nodes[9, 10]. Theiranalysisgeneralizesfindingsin [7, 6, 11] aboutexistenceanduniquenessof

astationaryregime,andprovidesthecorrectmethodologyto startasimulationin steadystatesoas

to avoid transienteffects(perfectsimulation).Moreover, theproposedperfectsamplingtechnique

appliesto quitegeneralareashapes(e.g.,theSwissCross),without requiringthecomputationof

complex geometricintegrals(like for examplein [8]).

It turnsout thattheRWPmobility patternis moredifficult to analyzeandcontrolin termsof the

stationarydistributionsof locationandspeedof mobiles,anddoesnot usuallyleadto a uniform

densityof nodesin thespace.On thecontrary, theRD mobility patternhasthenicepropertythat

usersalwaystendto beuniformly distributedin thespace,irrespectiveof theboundaryconditions

imposed(wraparoundor reflection).Moreover, thedistributionof locationandspeedat a random

time instantarethesameasat a transitioninstant[5], which greatlysimplifiestheanalysis.

Two importantissuesin theanalysisof mobility modelsstill needto besolved. Thefirst is the

studyof the convergencerateto the stationaryregime from arbitrary initial conditions. That is,

how longdoesit take to approachthestationarydistribution if thesimulationstartsaway from the

equilibrium? So far, in the literature,the transientbehavior of mobility modelshasmostly been

considereda nuisance,andmany efforts havebeendevotedpreciselyto eliminatetransienteffects

from simulations. However, capacityplanning,network resilienceand reliability, etc., usually

requireto test applicationsand protocolsin time-varying, critical conditions,not in the steady

state.Take, for example,thecaseof a largenumberof mobilenodesforming anad-hocnetwork

initially confinedin a smallarea(suchasa conferenceroom,a football stadium,or thelike),who

at somepoint startdispersingaway. Onewould like to simulatesucha scenarioto seehow the
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network behaveswhile nodesgetmoreandmorefar aparttill connectivity is lost. This paperwill

show that theoreticalmobility modelspermit to do this in a controlledandpredictablefashion,

i.e., it is possibleto chooseparametersof themobility modelto obtainadesirednodes’dispersion

rateanddurationof thetransient.Our dynamicalviewpoint thusbringswhatmightberegardedas

ideal,unrealisticmobility modelsmuchcloserto practicalapplications.

Thesecondissueis thereverseof theproblemconsideredso far in analyticalstudiesappeared

in theliterature:is it possibleto devisea mobility patternthatachievesa desiredstationarydistri-

bution of nodesin space?Sofar, theoreticalstudieshave just predictedthestationarydistribution

generatedbyagivenmobility model.However, theability to designamobility modelthatproduces

anassigneddistribution of nodesin theareawould beof muchgreaterinterestin realproblems,

wherenodedensitiesarealmostalwaysnon-uniform. As anexample,onecouldbe interestedin

simulatingscenariosin which nodesaremoredenselyconcentratedin someportionsof thearea,

like in aurbancontext.

In this paperwe proposeananalysisof theRWP andRD modelsthatallowsusto addressboth

issuesabove, filling the existing gap in the analysisof mobility models. We usepartial differ-

ential equations(PDE’s) to describehow the mobiles’ statedistribution evolvesover time. Our

novel formulationprovidestheanalyticalbasisfor solvingboth transientandnon-uniformcases.

In particular, it permitsto studythe transientdynamicsof a systemstartingfrom arbitraryinitial

condition,for bothRWP andRD models.For theRD model,we show how thepartialdifferential

equationscanbesolvedanalytically in thetransientregimeadoptingstandardmathematicaltech-

niques.Moreoverwe re-deriveknown resultsaboutthestationarydistributionof theRD modelin

a morestraightforwardmannerthanpreviousapproachesbasedon PalmCalculus.Our methodol-

ogy allows, for thefirst time to thebestof our knowledge:i) to derivesimpleexpressionsrelating

the transientdurationto the modelparameters;ii) to generalizethe RD modelso asto obtaina

desiredstationarydistributionof nodesin thespace.

The remainderof paperis organizedasfollows. In Sections2 and3 we presenttheequations

describingthebehavior of asingleusermoving accordingto theRD andRWPmodel,respectively.

In Section4 westatisticallyre-interpretthepreviously obtainedequationsfor a singleuser, show-

ing that they canbeusedaswell to describethedynamicsof a largepopulationof mobileusers.

Thesteadystateanalysisof thestandardRD modelis providedin Section5, whereastheextension
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of this modelto achieve arbitrarydistributionsof nodesin theareais describedin Section6. The

transientanalysisof theRD modelis presentedin Section7. In Section8 wevalidateour analysis

by simulationon a few examplesandpresentpossibleapplicationsof our methodology. Finally

Section9 concludesthepaper.

2 Equationsof the RD model

We startconsideringa singleusermoving accordingto therandomdirectionmodelover a unidi-

mensionaldomain,furtherassumingthatmoveandpausetimesareexponentiallydistributed.Then

wegeneralizeourapproachto thecasein whichmoveandpausetimeshaveageneraldistribution.

Finally weextendour equationsto themultidimensionalcase.

2.1 Unidimensional casewith exponentialphases

We assumethatthedomainin which themobilecanmove is theinterval � ���	�
����
 , Moveandpause

timesare taken from an exponentialdistribution of parameter� and � , respectively. When the

mobile startstravelling on a new segmentit selectsa speedfrom the genericdistribution ��������� .
Wefurtherassumethattheabsolutespeedvalueis upperboundedby aconstant����� � , i.e.,support

of ���!�	��� is in theinterval �#"$����� �%�&����� �&
 . This is a reasonableassumptionfor all casesof practical

interest.

The dynamicsof the mobile can be describedin termsof a Markov Processover a general

spacestate[13], in which the instantaneousmobile state '(��)*� is characterizedby: i) the phase+ ��)*�-,(.0/21 move� pause3 ; ii) the instantaneousposition 4(��)*�-,5�6�����
����
 ; iii) thecurrentspeed�7�8)*� (in case
+ �8)*�9/ move).

Let :;�����
�<�*)*� be thecumulative probability thatat time ) themobile is in themovephaseat a

position 4(��)*�=,(� �����
��
 with a speed�7�8)*�>,?�#"$����� �%�@�A
 :
:;�8���@���
)*�CB/ED9FG1 + ��)*�9/ move�@4(��)*�H,(�6���	�
��
I�&�J�8)*��,(�K"L��MONQPH�R�S
	3

Let TU�����*)*� bethecumulativeprobabilitythatat time ) themobileis in thepausephaseataposition�V,?�6���	�
��
 :
TU�����*)*�CB/WD9FG1 + ��)*�9/ pause�@4(�8)*�>,?�6�����
��
	3
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Considera small interval XY/Z� )&�
)O[]\^)*� . Conditionallyover the fact thatno phasetransition

occursin X , accordingto theRD modelat time )O[_\`) state'(��)*�a/Y� move�
���@��� is deterministi-

cally transformedinto state'(�8)�[b\`)*�a/Y� move�
�^[b�H\^)&�@��� , whereasstate'(��)*�a/Y� pause�
�c� is

deterministicallytransformedinto state'(��)�[b\^)*�!/d� pause�
�c� ; thus,conditionallyover thefact

thatno phasetransitionoccursin X , wehave(with abuseof notation):

:;�8�e[(��\^)&�@���
)f[g\^)*�h/ :i�����@���
)*� (no phasetransition)

TU�����*)�[g\^)*�h/ TU�����*)*� (no phasetransition)

If a transitionoccursat )C[djk,ZX , state '(��)*�l/m� pause�
�!"n�c�I\^)�"-j��
� is deterministically

transformedinto state'(��)f[g\^)*�l/m� move�
���@��� , whereasstate'(�8)*�a/Y� move�*�J"?�Aj��
�o� is trans-

formedinto state'(�8)p[b\`)*�!/q� pause�*�c� . Thus,conditionallyoverthefactthataphasetransition

occursin X , it results(again,with abuseof notation):

:;�����
�<�*)�[g\^)*�h/ TU�����*)*� rbst �vuHwyx �%�!���o�ozo�{[g|J�I\^)*� (with phasetransition)

TU�����*)�[g\^)*�h/ r � uHwyxt � uHwyx :i�����@���
)*�ozo�{[g|J�I\^)*� (with phasetransition)

Due to the exponentialdistribution of the move andpausetimes, the probability that a phase

transitionoccursin X from pauseto move is ��\`)�[]}��I\^)*� ; theprobability thata phasetransition

occursduring X from moveto pauseis �p\^)![5}��I\^)*� ; the probability that morethanonephase

transitionoccursin X is, instead,}��I\^)*� . Therefore,wecanwrite:

:i���`[b�H\^)&�@���
)p[b\^)*��/~:;�8���@���
)*�����U";�p\^)*�p[���\^)*TU���e[(�H\`)&�*)*� r st � uHwyx�%�!���o�ozo�{[g}��I\^)*� (1)

TU�8���
)p[b\^)*��/iTU�����
)*�G�Q�>"b��\^)*��[(�p\^) r �vuHwyxt �@uHwyx :;�8���@���
)*�oz��{[b}o�	\^)*� (2)

Subtracting:i���7[]�H\^)&�@���
)*� from bothmembersof (1) (and,similarly, subtractingTU�����
)*� from

both membersof (2)), dividing by \^) andletting \^)�� � , undertheassumptionthat ���!�	��� is a

continuousandderivablefunction,weobtainthefollowing coupleddifferentialequations,thatcan

beregardedastheChapman-Kolmogorov equationsof theMarkov process:��� �����
�<�*)*�� ) /�"C� ��� �8���@���
)*�� � [g�c���a�	���
�S�8�c��"?� � �8���@���
)*� (3)
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� �S�����
)*�� ) /d"$�<�H�8���
)*��[b� r s � �����
�<�*)*�ozo� (4)

where � �����
�<�*)*�9/ ��� :;�����
�<�*)*�� � � � � �S�8���
)*�a/ � T��8���
)*�� �
Boundary Conditions

A problemthat arisesin the RD model is what to do whenthe mobile hits a boundary. Several

strategieshave beenproposed;amongthemthemostpopulararewrap aroundandreflection. In

thewrap aroundmodel,themobilehitting a boundarywith speed� instantaneouslyreappearsat

theoppositesidemaintainingthesamespeed.Thustheboundaryconditionsof thewrap around

modelfor (3) and(4) are:

� �����	�@���
)*�9/ � �����H�@���
)*� � �����P��=P��� ��� �����
�<�*)*�� � / �����P��>P��� ��� �����
�<�*)*�� � � ���
)
�S�����	�
)*�9/5�S�����S�*)*� � �����P��=P��� � �S�8���
)*�� � / �����P��=P��� � �S�����
)*�� � � )

In the reflection model, instead,the mobile is bouncedbackreversingits speed.The boundary

conditionsof thereflectionmodelfor (3) are:

� �����	�@���
)*�9/ � �����	��"��<�*)*� � � �����H�@���
)*�9/ � �8������"C���
)*� � ���
)
In bothcasestheinitial conditionis assumedto begiven:

� �����@���v�l�9/ ��� �����@��� � �S�����v�l�9/5� � ���c�
Weremarkthattheinitial conditionmustsatisfytheconstraintsrelatedto its physicalinterpretation

asprobability densityfunction (pdf) of the mobile position,speedandphaseat time )�/�� . In

particular,
�c� �8���@���¡ E� , � � ���c�= ¢� andrar ��� �8���@���oz��Cz��L[ r � � �8�c�ozo�£/¤�
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Uniquenessof solution

In AppendixA weprovethatthemathematicalproblemdefinedby equations(3) and(4) subjectto

theboundaryandinitial conditionsdefinedaboveeitherfor thewrap-aroundor reflectionmodels,

admitsno morethanonesolution. We emphasizethat this is a fundamentalstepof our analysis;

indeed,underuniquenessassumptions,if we find a solutionof theequationswith assignedinitial

andboundaryconditionswecanconcludethatit correspondsto theactualsystemtrajectory.

2.2 Extensionto generalphasetimesdistrib utions

Let ¥��	¦o� be the pdf of movetime, and �a�	¦o� the associatedhazardfunction, definedas �a��¦��£/¥��	¦o�
§�����"©¨J��¦��*� , wherë��	¦o� is thecumulativedistributionfunction(cdf) of movetime. Similarly,

let ª��I«l� bethepdfof pausetimes,and ���I«l� theassociatedhazardfunction ���I«A�a/Eª��	«A�
§o�Q��"?¬?�I«l�
� ,
where ¬?�	«A� is the cdf of pausetime. The systemsdynamicscanstill be describedasa Markov

processover a generalspacestate.However, in this casethestatespacebecomesmorecomplex

sincephasedurationsarenot memoryless:themobilestate'(��)*� is now characterizedby thetime­ ��)*� elapsedsincethe last phasetransition,in additionto its currentphase
+ �8)*� , instantaneous

position 4(�8)*� andcurrentspeed�J�8)*� (in case
+ ��)*�L/ move� . Themobiledynamicssatisfiesthe

following systemof differentialequations:

��� �����@���@¦<�
)*�� ) /d"�� ��� �����@���@¦<�
)*�� � " ��� �����@���@¦<�
)*�� ¦ [g®��	¦o� rH¯ ���I«A�*�%�!�	���*�H�8���v«o�
)*�oz�«�"?�a��¦�� � �8���@���@¦c�*)*� (5)

� �S�����@«o�
)*�� ) /�" � �S�����@«o�
)*�� « "b�O�	«A�
�S�����@«o�
)*��[g®��I«A� r!r �a�	¦o� � �����@���@¦<�
)*�ozS�¡zo¦ (6)

where ®�� � representstheDirac function.

2.3 The multidimensional case

Theextensionto ak-dimensionaldomain ,V°a± is ratherstraightforward.Let ²³/d���c´��
� � ��µ�µ�µf�
� ± �
bethepositionof themobileand ¶·/k�	�¸´G�@� � ��µ�µ�µf�
� ± � thecurrentspeedvector(eachcomponent

representsthemobile’sposition/speedalongthecorrespondingdimension).In caseof exponential
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moveandpausetimestheChapman-Kolmogorov equationsof thesystemare:��� �8²9�
¶!�
)*�� ) / "�¶º¹�»e¼ � �8²9�
¶!�
)*�p[·�<�%�!�8¶½�*�S��²��O"?� � ��²9�
¶!�
)*� (7)� �S�8²9�
)*�� ) / "L�<�S��²9�*)*�p[b� r � ��²½�
¶!�
)*�oz�¶ (8)

where¶º¹�»e¼ � �8²9�
¶!�
)*� is theinnerproductbetween¶ and »e¼ � �8²9�
¶!�
)*� .
In thecaseof generaldistributionsof phaseduration,wehave:��� ��²½�
¶!�@¦c�*)*�� ) / "�¶!µ¾»e¼ � ��²½�
¶!�@¦c�*)*��" ��� �8���
¶!�@¦c�*)*�� ¦

[{®o��¦�� r�¯ ���I«A�*�%����¶��
�S�8²9�v«A�oz�«¿";�a��¦�� � �8²9�
¶!�@¦<�
)*� (9)� �S��²9�@«o�
)*�� ) / " � �S��²½�v«o�
)*�� « "b�O�	«A�
�S�8²9�v«o�
)*��[b®o�	«A� rar �9�	¦o� � �8²9�
¶!�@¦<�
)*�ozS�¡z�¦ (10)

3 Equationsof the RWP model

Similarly to what we have donefor the RD model,we startconsideringa mobile moving along

a unidimensionaldomain,assumingthatpausetimesareexponentiallydistributed.Noticethat in

theRWP modelusersdo not choosea durationfor themovephase,which insteaddependson the

selecteddestinationpoint andspeed.Next we generalizeour approachto thecasein which pause

timesaregenerallydistributed,andfinally to themultidimensionalcase.

3.1 The unidimensional casewith exponentialpauses

Let �6�����
����
 bethedomainin which themobilecanmove,and � theparameterof theexponentially

distributedpausetime. Themobilein � , whenchoosingthenext segmentto travel in, first selectsa

destinationpoint À accordingto thedistribution Áo�	À�� , thenselectsaspeedaccordingto thedistribu-

tion �������pÂ À��
�c� . Wenoticethatif ÀJÃ·� it mustbe �%�!�	�pÂ À<�*�c�9/E� for �7Ä_� , while if À7Äg� it must

be �%�!�	�pÂ À<�*�c�¡/�� for �ÅÃE� . We againassumethattheabsolutespeedvalueis upperboundedby

aconstant��MON�P ; i.e.,supportof ���!�	�pÂ À��
�c� falls in theinterval �#"$��MON�PS�&��MON�P�
 , � À��
� .

The dynamicsof the mobile can be describedin termsof a Markov Processover a general

spacestatein which the instantaneousstate '(��)*� is characterizedby: i) the phase
+ ��)*��,¢.h/
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1 move� pause3 ; ii) the instantaneousposition 4(��)*�n,Æ�6���	�
����
 ; iii) thecurrentdestinationÇ³��)*�^,� ���I�
����
 ; iv) thecurrentspeed�J�8)*�>,?�#"$��MON�P��v��MONQP�
 (in case
+ �8)*�9/ move).

Let :;�����
�<�
À<�*)*� bethecumulativeprobabilitythatat time ) themobileis in themovephaseata

position 4(��)*�=,(� �����
��
 , with adestinationÇ³��)*�¡,?�6���	�@ÀA
 , andaspeed�J��)*�=,(�K"$����� �%�@�A
 :
:;�8���@���@À��
)*�CB/ED9F�1 + ��)*�9/ move�@4(�8)*�>,?�6�����
��
I�vÇ³�8)*�>,?�6�����@ÀA
I�&�J�8)*�>,?�#"$��MON�PS�@�A
I3

Let TU�8���
)*� be the cumulative probability that at time ) the mobile is in the pausephaseat a

position 4(��)*�=,(� �����
��
 :
TU�����*)*�CB/WD9FG1 + ��)*�9/ pause�@4(�8)*�>,?�6�����
��
	3

Introducingthedensities

� �����
�<�
À<�*)*�9/ ��È :;�����
�<�
À<�*)*�� � � � � À � �S�8���
)*�9/ � TU�����
)*�� �
we obtain the following pair of equations,in a way similar to what hasbeendonefor the RD

model: ��� �8���@���@À��
)*�� ) /¤"�� ��� �����@���@À��
)*�� � [·�<�%�!���ÉÂÊÀ��QÁo�	À��
�S�8���
)*� (11)

� �H�8���
)*�� ) /¤"$�c�S�����*)*��[ r � � �����@���
���*)*�oz�� (12)

where(11) is definedfor ÀJ _� and �7Ã_� , or ÀJË_� and ��Ä_� .

Boundary conditions

In theRWP model,theboundaryconditionsexpressthefact that theprobabilityfor themobileto

hit theboundariesis null:� �����	�@���@À��
)*�½/W� � � �8���H�@���@À��
)*�½/E� � �<�
À<�*)
�S�����	�
)*�9/W� � �S�����S�
)*�a/¢� � )

In additionwe imposetheinitial conditions:� �����@���@À��v�l�½/ ��� �����@���@À�� � �S�����v�l�9/5� � ���c�
whichmustbeaproperpdf for themobile’s initial position,speed,anddestination.
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3.2 Extensionto generalpausetime distrib ution

Let ª��I«l� bethepdf of pausetime,and �O�	«A� theassociatedhazardfunction. Thesystemdynamics

canstill bedescribedby a Markov Processover a generalstatespace;we only needto addto the

stateassociatedto the pausephasethe time « elapsedsincethe mobile enteredthe pausephase.

Themodelequationsbecome:��� �����@���@À��
)*�� ) /�"C� ��� �8���@���@À��
)*�� � [·�%�!����Â ���@À��QÁo�	À�� r ���I«A�*�S�����v«o�*)*�oz�« (13)

definedfor À7 _� and �JÃÌ� or À7Ë_� and ��ÄÌ� , and� �H�8���v«o�
)*�� ) /d" � �H�8���v«o�
)*�� « "(���I«A�*�S�����v«o�*)*�O[b®o�	«A� r � � �����@���
���
)*�ozo� (14)

3.3 Multidimensional case

Let ²b/k���c´��
� � ��µ�µ�µf�
� ± � bethepositionof themobile, Í·/k�	À�´��@À � ��µ�µ�µp�@À ± � thecurrentdestina-

tion, and � thecurrentspeed.

Consideringthecasein whichthepausetimeis generallydistributed,with hazardfunction ���I«l� ,
weobtain��� ��²½�
¶!�vÍ!�*)*�� ) /¤"�¶º¹�»e¼ � ��²½�
¶!�vÍ!�*)*�p[·�%�!�8¶�Â Í!�*²��QÁo�IÍO� r ¯ �O�	«A�
�S�8²9�v«o�
)*�oz�«

� �S��²9�v«��
)*�� ) /�" � �S��²½�v«o�
)*�� « "b�O�	«A�
�S�8²9�v«o�
)*��[b®o�	«A� r Â�Â ¶UÂ�Â � �8²9�
¶!�
²9�*)*�ozH¶
4 Statistical interpretation of previousequations

In this sectionwe provide a statisticalinterpretationof theequationsderivedin Sections2 and3,

valid whenthepopulationof mobileusersbecomeslarge. We restrictourselvesto theunidimen-

sionalrandomdirectionmodelundergeneralphasesdistributions,howeverthesameinterpretation

holdsin all othercases.

Considera populationof : mobiles,moving independentlyof eachother. Thecompletestate

for mobile Î at time ) is denotedby 'eÏ���)*�n/Ð� + ��)*�&�@4(�8)*���&����)*�&� ­ ��)*�
� . Let Ñ be the setof all
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statesin which themobileis in themovephase,and Ò thesetof all statesin which themobileis in

thepausephase.Let Ó beany (Lebesguemeasurable)setof states,anddefineÓUÔh/]Ó·Õ£Ñ andÓCÖ�/]Ó×Õ^Ò . Let ØoÙfÚ8Û¾Ü�Ý�Þ�ß beanindicatorfunctionwhichreturns1 if mobile Î at time ) is in astate

belongingto Ó , i.e. '�ÏQ�8)*�¡,VÓ , and0 otherwise.

By thestronglaw of largenumbers,it results:

�����à �Uá �:
àâ Ï#ã�´ ØoÙfÚyÛäÜ�ÝyÞ�ßV/¢å7�#ØoÙOæçÛäÜ�ÝyÞ�ßc
c/¢D9F�1�'7´��8)*�=,VÓ-3L/ r

ßoè � �����@���@¦<�
)*�ozoÓUÔ2[ r
ßHé �S�����@«o�
)*�oz�Ó�Ö

Now weobserve that

�����à �Uá �:
àâ ÏKã�´ Ø ÙfÚ8ÛäÜ�Ý�Þ�ß

hasan immediatephysicalinterpretationasthe fraction of mobileswhoseinstantaneousstateat

time ) belongsto Ó ; asa consequence(5) and(6) describethe statisticaldensityevolution of a

largepopulationof usersmoving accordingto theconsideredmobility model.

5 Steadystateanalysis

In thisSectionwecomputethesteady-statesolutions(i.e. solutionswhichareinvariantwith respect

to time) of the RD model. We startconsideringtheunidimensionalcasewith exponentialphase

times. Next we generalizeour solutionto thecasein which phasesaregenerallydistributed,and

finally to themultidimensionalcase.

5.1 The exponentialcase

The systemdynamicsaredescribedby a Markov processover an uncountablecompact1 space

state,whosepropertieshave recentlybeenstudiedproving that thesteadystatedistribution exists

unique[5, 6] 2. In particular, [5] showsexistenceanduniquenessof thetime-stationarydistribution

for abroadclassof randomtrip modelsthatincludesbothrandomdirectionandrandomwaypoint.
1Any closedboundedsubsetof ê�ë , ìlí , is compact.
2In [5, 6] the propertiesof RD modelshave beenanalyzed,by consideringthe embeddeddiscretetime Markov

processwhich is obtainedby samplingthe systemdynamicsat instantsin which the mobile changesphase. An

exhaustiveanalysisof Markov processesoveruncountablespacestatescanbefoundin [13] for thediscretetimecase.

11



Moreover, regardlessof theinitial condition,
� �����
�<�*)*� and �H�8���
)*� tendto thesteadystatedistri-

bution for )9� î , asprovenin [5] for generalrandomtrip models.

By settingthe derivative with respectto time equalto zeroin both (3) and(4), we obtainthat

steadystatesolutions
� �����
�o� , �S���c� mustsatisfythefollowing equations:

� ��� �8���@���� � / �c���������
�S���c��"?� � �����
�o� (15)

�c�S�8�c�ï/ � r � �����@���ozo� (16)

with theboundaryconditionsdefinedin Section2.

Consideringproduct-formcandidatesolutionsfor
� �8���@��� , i.e.,

� �8���@���a/Eð=�8�c��ñ¡�	��� , we obtain

thefollowing solutionof steady-stateequations:

� �8���@���9/ �<�%�!�	���� �n[b����Â ���C"i���QÂ � �S���c�a/ �� �n[b����Â ���C"i���QÂ
whichsatisfiestheboundaryconditionsfor bothwraparoundandreflection, in thelattercaseunder

the mild assumptionthat the speeddistribution is symmetric,i.e., �%�!�	���9/5���!�Q"��o� . Notice that

wehavebasicallyreobtainedtheknown resultthatthesteadystatedistributionof nodesis uniform

in space,while thespeeddistributionis thesameasthatusedto selectanew speedat thetransition

points.

5.2 General phasetimesdistrib utions

When phasetimes have a generaldistribution, the steadystatesolution of the RD model still

existsunique,undertheonly conditionthataveragephasedurationsarefinite [5, 6]. In addition,

regardlessof the initial condition,
� �8���@���
)*� and �S�����
)*� tend to the steadystatedistribution for)a� î .

Now weshow how thesteadystateanalysisof RD modelswith generallydistributedphasescan

bereconductedto theanalysisof RD modelswith exponentialphases.Settingthederivativewith

respectto timeequalto zeroin both(5) and(6), wehave:

"C� ��� �8���@���@¦o�� � / " ��� �8���@���@¦o�� ¦ [b®o��¦�� rS¯ ���I«l�
�%�!���o�*�S�����v«A�oz�«{"?�a��¦�� � �8���@���@¦�� (17)� �S�����@«A�� « / "L���I«A�*�S�����v«A��[g®��I«l� r�r �a��¦�� � �����
�<�
¦��ozS�¡zo¦ (18)

12



Consideringproduct-formcandidatesolutionsof thetype
� �8���@���@¦���/Eòm�����@���*óf�	¦o� and�S�����v«l�!/(ô����c�*ª��	«A� with õ áö t ª��I«l�QÀH«^/Eõ áö t óf��¦���ÀH¦^/¤� , anddefining:

��÷8ø�/ r áö t ���I«l�
ª��I«A�oz�«-/ �åJ�6X pause
 � ��÷8ø�/ r áö t �a��¦��*óf�	¦o�ozS¦e/ �å7� X move

it resultsthat òm�����
�o� , ô����c� , óf�	¦o� , and ª��I«A� mustsatisfy:

� � òm�����@���� � / ��÷�øU�%�!�	���8ô����c��";�c÷�ø=òm�����@��� (19)

��÷8ø�ô����c�h/ ��÷8ø r òm�8���@���oz�� (20)� óf��¦��� ¦ ô��pùIú�÷�/ ��÷�ø>®o��¦��8ô�ûv�ýü@þ�÷�"?�9�	¦o�
óf��¦��8ô��pùIú�÷ (21)� ª��I«A�� ¦ ô�ûv�ýü@þ�÷ï/ ��÷8øU®��I«l��ô��pù	ú�÷�"b���I«A�*ª��I«A�8ô�ûv�ýü@þ�÷ (22)

whereôoûv�ýü@þ�÷ andô��pùIú�÷ are,respectively, theprobabilityfor themobileof beingin pauseandmove

phaseat steadystate:

ô�ûv�ýü
þ�÷!/ åJ�6X pause
å7� X move
S[gå7� X pause
 � ôo�pùIú�÷a/ åJ�6X move
å7� X move
H[gåJ�6X pause

We observe that equations(19) and(20) arestructurallyidentical to equations(15) and(16),

thusthey admit the samesolution(with properparametersubstitutions).Instead,equations(21)

and(22)admitthefollowing solutions:

óf�	¦o�9/ ÿ t������� Û���Ý
	��õ áö t ÿ t ������ Û
��Ý
	�� z�¦ / �U"(¨��	¦o�å7� X move

ª��I«A�a/ ÿ t ������ Û���Ý�	��õ áö t ÿ t������� Û���Ý���� z�« / �U"?¬;�I«A�å7� X pause


which correspond,asexpected,to theresidualtime spentin themoveor in thepausephasewhen

samplingthesystemat a randompoint in time. Also in this casewe have foundtheuniquesteady

statesolution for both wrap aroundand reflection(in the latter caseunderthe assumptionthat�%�!���o�9/W�%�!�Q"���� ).
13



5.3 The multidimensional case

Previousresultscanbeimmediatelygeneralizedto a multidimensionalrectangulardomain,since

in this casesteady-stateequationsadmitproductform solutions

� �8²9�
¶!�@¦o� / � ´��8�c´��@�¸´v� � � ���c´��@�¸´@��¹�¹�¹ � ± �8� ± �@� ± ��ó��	¦o�
�S��²½�v«A�ï/ �Ê´����c´v�*� � ���c´v��¹�¹�¹
� ± ��� ± ��ª��	«A�

andthuscanbedecoupledinto unidimensionalequationswhich arestructurallyidenticalto those

presentedin thepreviousSection.

We observe that the RD modelwith wrap around is meaningfulonly on rectangulardomains.

Instead,the RD modelwith reflectioncanbe definedon a generaldomain � , provided that it is

compact,strictly connectedandwith a regular frontier 3. Let
� � denotethe frontier of � . The

boundaryconditionscanbeexpressedfor RD with reflectionasfollows: for any ²·, � � andfor

any pair �8¶fÏý�
¶��&� , where¶�� is thebilliard-like reflectedvelocityof a mobilehitting theborderat ²
with velocity ¶fÏ , wehave that

� ��²9�
¶�Ïý�
)*�9/ � ��²9�*¶����
)*� .
Undertheassumptionthat �%�!�8¶½� hascircularsymmetry, theuniquesteadystatesolutionof the

RD modelwith reflectionon domain� , is:

� �����@���
)*�9/ �<�%�a�8¶½�!Ø��¡��²��� �^[(��� õ Ø��¡��²���ÀS² � �S���c�a/ �VØ�� Û ¼ Ý� �^[(��� õ Ø��=�8²��QÀA²
where Ø��=�8�c� is an indicator function which returns1 if ² ,�� and0 otherwise. Indeed,it is

straightforwardto verify thattheabovesolutionsatisfiesthesteady-stateRD equationswith reflec-

tion boundarycondition.

We remarkthat theassumptionthat thespeedvector �%�!��¶�� hascompletelysymmetricdensity

hasalsobeenusedin [19] to show thestabilityof RD modelwith reflectionovermultidimensional

domains.

5.4 Discussion

As a final remarkof our steady-stateanalysis,we emphasizethe our approachbasedon differ-

entialequationsallows to obtainthesteady-statedistribution of RD modelswith wrap-aroundor
3we saythatthefrontier is regularif thereexist a tangentline at everypointof it exceptat mostfinite number.
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reflection(in the latter caseunderthe conditionthat �%�!�8¶½� is a rotationallysymmetricfunction)

in a way differentfrom previousapproachesbasedon Palm Calculus[6, 5]. Indeed,our analysis

providesandinterestingconnectionbetweenthetheoryof differentialequationsandthestochastic

techniquesadoptedin [6, 5].

6 GeneralizedRD model with non uniform stationary solution

The standardrandomdirectionmodelbringsto a steadystatein which nodesareuniformly dis-

tributedin space.However, in many practicalcasesonewould like to have ananisotropousnode

densityin thearea.For thisreasonwenow generalizetheRD modelin suchawaythatthestation-

ary distributionsof nodesin themove and/orpausephasesarenot necessarilyuniform in space,

but follow a desired(assigned)distribution. In particular, we considera randomdirectionmodel

in which: i) thepausetime maydependon theposition � wherethemobilestops;ii) thespeedof

mobilesduringthemovephasecanvarywith theinstantaneousposition � .

Whenamobilestartstravelling on a new segment,we assumeit choosesa “basespeed”� from

a genericdistribution ���!���H� . Theactualspeed� is a deterministicfunctionof theposition � and

thebasespeed� . For simplicity weassumethattheactualspeedis simplyproportionalto thebase

speed� througha factor  L�8�c� thatdependsonly on theposition,i.e., ���8�����H�½/! $���c�"� .
Theequationsof thegeneralizedRD modelare:

��� �8�������@¦o�� ) /d" � �c�8�����H� � �8�������@¦o�� � " ��� �8�������@¦��� ¦ [
[{®��	¦o�
�%�a����� ro¯ �������@«A�
�S�����@«A�oz�«�"?�9�	¦o� � �8�������@¦o� (23)� �S�����v«l�� ) /�" � �S�����v«l�� « "(�������v«l�
�S�����v«l�O[b®o�	«A� rar �a��¦�� � �8���@���@¦��ozS�!z�¦ (24)

wherewe assumethat �������v«l� hastheproductform �O�8���v«A��/Y�c´����c�
� � �I«l� , i.e., theaveragepause

timedependson � , whereastheshapeof thedistributionof pausetimedoesnotdependon � .

Profiles #� �8�c� and #�H�8�c� of themobiles’densityin themoveandpausephases,respectively, which
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arenovanishingat any point � , canbeobtained(asshown in AppendixB) by setting: $���c�a/ $#� ���c� �O�8�c�!/ �%#� ���c�#�S���c� (25)

where $ is any strictly positiveconstant.For example,considera segment �6����/ "-�¸�
���e/ �G
 and

desiredspatialprofiles #� �8�c�L/�Â ��[5�oÂ and #�S���c�L/Y� � [5� . Accordingto our methodology, such

desireddensitiescanbe obtainedby setting  $���c�^/ ´& P('�´ & and �����c�^/ � & P('�´ &P()*'�´ , having arbitrarily

chosen$ /d� .
Note that, in thecasein which we arenot interestedin obtainingspecificprofilesin themove

and pausephases,but just an overall density #+ ���c�~/ #� ���c�U[,#�S���c� , we can avoid making the

mobile’sspeedvarywith theinstantaneousposition � . Indeed,in this casewecanproceedsimply

asfollows: weset  $���c�a/�� , thususingtheoriginalspeeddistribution �%�!���o� whenselectinganew

speedvalueat the transitionfrom pauseto move, which is keptconstantduring themove phase.

From (25) (left equation)we observe that, with this choice,we obtaina constantdensityin the

move phaseover thewholearea.We canactuallychooseanarbitraryvalue #� Ä ��� - P + ���c� to be

theresultingprobabilityof beingin themovephaseatany point,andthenuse(25) (right equation)

to computethetransitionrate �����c� thatproducesthedesiredoverall local density:

�����c�9/ �.#�+ �8�c�9"/#�
This techniqueallows to achieve an arbitrarynodedensitydistribution in a very simplemanner,

howeverno controlon individualprofiles #� ���c� and #�S���c� is possible.

7 Transient analysis

In this sectionwe presentan analyticalsolution for the transientregime of the RD model. We

startconsideringthecaseof wrap aroundboundaryconditions.As we will seeat theendof this

section,thetransientanalysisof theRD modelwith reflectioncomesfor freeoncewe know how

to solve the RD modelwith wrap around. As usual,we first considerthe unidimensionalcase

with exponentialphasetimes.Thenweextendtheanalysisto thecaseof generalphasetimes,and

finally to themultidimensionalcase.
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7.1 Unidimensional casewith exponentialphasetimes

We applythemethodologyof separationof variablesto find solutionsfor thesystemof equations

(3) and(4), in caseof wrap aroundboundaryconditions.Considerproduct-formcandidatesolu-

tions:
� �8���@���
)*�a/]j��8)*�*ð¡���c��ñ¡���o� and �S�����*)*�!/Ìj��8)*�*ð=�8�c� ; It turnsout (seeAppendixC for details)

that the following elementaryfunctionsare solution of the RD equationssatisfying the wrap-

aroundboundaryconditions:

� ± �����@���
)*�h/ �����%�!�	��� ÿ 0 �*132�4 ± P ÿ 5 Ü�I�^[76�������[76`[98�:<;�ó���P���� (26)

� ± �����
)*�h/ ��^[=6 ÿ 0 �*132�4 ± P ÿ 5 Ü (27)

where ��P{/��Ê§��8���L"i����� , ó©,?> and 6 is asolutionof thefollwing equation:

����^[=6 r s ���!�	�����[=6e[.8�:<;�ó��ÊP�� z��^/d� (28)

When ó·/ � , (28) admitsthe solution 6o´J/ � , correspondingto the steady-statedistribution

of the systemalreadyfound in Section5. Thereis alsothe solution 6 � /�"n� �©[Ì��� , which has

a differentphysicalinterpretation:it is the rateat which thesystemconvergesto thesteadystate

distribution from theconditionin which theprobabilityof beingin themove or pausephasesare

uniformoverspacebut not in equilibrium.

For óA@/E� , the existenceof real solutionsfor 6 canbe guaranteedwhen the probability den-

sity function of nodes’speedis symmetric,i.e. ���������©/Ð�%�!��"C��� . In this case,the imaginary

componentof õ s 2*B Û s ÝÛ � ' 5 ' 0 �*1 ± s Ý z�� is null.

For example,in case�%�!�	��� is uniform in theinterval �K"L�9�&��
 equation(28) reducesto:

����I�^[76���:<;�ó���P��DC F
E(F C -HG :<;�ó���PÊ���[76,I /¤�
from which 6 can be easily obtainednumerically. In general,it can be shown that 6 hastwo

negativesolutions6o´ and 6 � for every ó ( 6 � ÄJ6�´=ÄÌ� ).

Moreover, letting K� ± �����
)*�a/ õ � ± �����@���
)*�ozo� , weobtaintheelementarysolutionvector:G K� ± �8���
)*�� ± �8���
)*�LI / G �^[76� I ÿ 0 �*132 4 ± P ÿ 5 Ü (29)
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Recallingthat for every valueof ó thereexist two solutionsof 6 , it turnsout thatany solutionof

(3) and(4) in which the initial distribution profilesin themove andpausephasesarecontinuous

with respectto the spacecoordinate(i.e.,,/M ö �
� �����*���#
y� ) canbe expandedin seriesof the above

elementaryvectors4.

Theprocedureto computethesystemstateatanarbitrarytime instant) canbesummarizedinto

thefollowing steps:

1. Computethevaluesof 6o´�� ó�� and 6 � �Ió�� associatedto everyelementaryvector.

2. ComputetheFourierseriesexpansionof the initial distribution of mobiles’ in termsof ele-

mentaryvectorsevaluatedat time )a/E� .

3. Multiply eachcoefficient of the (possibly truncated)seriesexpansionby the exponential

decayfactorof thecorrespondingsolutionvector(either ÿ t 5 æçÛ ± ÝKÜ or ÿ t 5 ) Û ± Ý Ü ).
4. Reconstructthedistributionof mobiles’usingthenew valuesof coefficientsat time ) .
Of course,steps1 and2 hasto beperformedonly once,not for any ) . As expected,astimetends

to infinity all ‘propagationmodes’ ð ± �8�c� , with óA@/W� , tendto vanishexponentially, leaving only

theuniformdistributionassociatedto ó�/E� ( 6o´!/W� ). Weremarkthatthedurationof thetransient

is essentiallydeterminedby theperiodiccomponentwith theminimumabsolutevalueof 6SÏ .
7.2 General phasetimesdistrib utions

We have not tried to solve exactly the transientanalysisof the systemin casethe move and/or

pausetimeshavegeneral(non-exponential)distributions.However, anapproximateanalysiscanbe

performedusinga stagedecompositionapproach.Thismeansthataseparatedifferentialequation

hasto bewritten for eachstageof thedecomposition.For example,considerthecasein which the

movetime is describedby anhyper-exponentialdistributionof thesecondorder:

¬ � ��)*�9/bô�´*��´ ÿ t � æ	Ü [³ô � � � ÿ t � ) Ü
Thissimple2-stageapproximationallows to matchthefirst two momentsanany distributionhav-

ing acoefficientof variationlargerthanone.Let
� ´������@���
)*� and

� � �8���@���
)*� bethepdf over �8���@��� of
4Thisis dueto thefactthatFouriersystemrepresentsacompleteorthogonalsystemin theclassof squaresummable

functionswhichcomprisefunctionsin NPORQ�S TVUXW�T<Y[Z]\ .
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themobilein movestages1 and2, respectively, at time ) . Thetransientbehavior is thendescribed

by thefollowing systemof differentialequations^____` ____a
��� ´� ) / "C� ��� ´� ) [·�lô<´@�%���U"?��´ � ´��� �� ) / "C� ��� �� ) [·�lô � �%���U"?� � � �� �� ) / "L�<�¡[(��´ õ � ´�z��L[b� � õ � � z��

(30)

which canbesolvedin a wayanalogousto theexponentialcase.In this casetheequationrelating6 to b is

ô<´*�p´ r �%�!�	�����´�[c6½[dbH� z��{[³ô � � � r �%�!���o�� � [e6½[eb�� z��^/ ��[c6�
Similarly, wecananalyzethecasein whichthepausetime is describedby anhyper-exponential

distributionof thesecondorder, obtainingthesetof equations^____` ____a
���� ) / "�� ���� ) [g�c´v������´�[g� � ���O� � "?� �� �Ê´� ) / "$�<´v��´�[³ô<´
� õ � z��� � �� ) / "$� � � � [³ô � � õ � z��

(31)

In this casetheequationrelating 6 to b becomesG ô<´@�<´�c´�[=6 [ ô � � �� � [76fI � r s �%�!���o���[76`[gbH� ÀS�`/d�
Instead,in the casein which move time is describedby an Erlangdistribution of the second

order(thesumof two exponentialdistributionswith rate �p´ and � � ), weobtain:^____` ____a
��� ´� ) / "C� ��� ´� ) [·�lô<´v���O�U";��´ � ´��� �� ) / "C� ��� �� ) [b� � ´9"?� � � �� �� ) / "L�<�¡[(� � õ � � zo�

(32)

In this casetheequationrelating 6 to b is

�p´*� � r �%�!�	����	��´�[c69[ebH�o�G�	� � [c69[eb���� z��e/ ��[c6�
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From the examplesabove it is clear that onecanwrite a setof equationsfor a genericstage

decompositionof themoveand/orpausetime,andobtainanimplicit equationof 6 for eachfeasible

valueof b . We remarkthat to analyzethe transientit is not necessaryto solve the entiresetof

differentialequations,just to derive (numerically)thepropervalueof 6 for eachvalueof b , and

apply thesameproceduredescribedat theendof Section7.1. Thus,usinga stagedecomposition

approachthe analysisof the transientbehavior of the systemin the generalcasehasthe same

computationallycomplexity astheexponentialcase.

7.3 The multidimensional case

Thetransientanalysiscanbeextendedalsoto themultidimensionalcase.Sincethemostinteresting

applicationsof mobility modelsariseon thebi-dimensionalspace,herewedescribemorein detail

thetransientanalysisin the2D case,restrictingourselvesto thecaseof exponentialsojourntimes

in the move andpausestates.We assumethat mobilesare free to move in the rectangulararea� �����*���#
ihV�6¦%�S�@¦%�K
 , andchoosethespeedcomponentsalong � and ¦ from anarbitrarybidimensional

distribution �3j . Similarly to themono-dimensionalcase,weapplythemethodologyof separation

of variables,looking for solutionsof equations(7) and(8) in theform

� �8���@¦c�
��P¸�@�<k��
)*�h/ jp��)*�Qðml{���c�*ðmn��	¦o��ñol$�	�ÊPA�@��k��
�S�����@¦<�
)*� / jp��)*��ÁLl¿�8�c�QÁpn��	¦o�

with ðmlL���c�a/ ÿ 0 �*1 ± 4 P and ðmn��	¦o�½/ ÿ 0 �*1 ± 4 k , with �IólP¸�&ó¸P��¡,º° �
.

Pluggingtheseexpressionsinto (7) and(8) we have
	rq�ÛäÜ�Ý	@Ü /s6�j��8)*� , while boundaryconditions

of thewraparoundmodelimply thattheonly feasiblesolutionsfor ðtl{�8�c� and ð�n��	¦o� areobtained

for � ó¸PA�&ó¸P��n,u> �
. Now we have thatexponents6 associatedto eachpair � ó¸Pl�&ó¸P��n,u> �

, have to

satisfytheequation

����^[76 r!r �%�!�	�ÊPA�@��k����[76`[.8�:<;!�Ió¸PÊ�ÊP���P=[·óVk���k���k�� z��ÊP�z���kC/¤� (33)

The procedureto evaluatethe systemstateat a generictime instant ) follows thesamestepsde-

scribedin Section7.1,exceptthatnow we needto performa bi-dimensional(Fourier)expansion

of theinitial distributionof mobilesin themoveandpausephasesover therectangularregion.
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7.4 Extensionto reflectionboundary conditions

The transientanalysisof theRD modelwith reflectioncanbe easilyreconductedto the analysis

of theRD modelwith wrap around. Herewe provide anintuitiveexplanationof how this canbevwx yx z yzvwx yx zz y {{ y|
Figure1: Reductionof RD modelwith reflectionto RD modelwith wrap around

done.A formalproof is reportedin AppendixD. Considerfirst thesimplecasein which theinitial

distributionof mobilesin themoveandpausephasesaresymmetric(topof Figure1). In thiscase,

thesolutionof theRD modelwith reflectionis exactly thesameasthatof theRD modelwith wrap

around. Indeed,the flows of mobileshitting the boundariesarethe same,}g/,~m� , andsincein

thewrap around ~ � /s} � we have }º/s} � (similarly, ~b/s~ � ), which meansthat thedynamicsare

thesameasin thereflectionmodel.If theinitial conditionsarenot symmetric,wedoublethearea

addinga specular‘image’ of theinitial domainto theright (or to theleft), asshown in thebottom

partof Figure1. Doingso,weobtainascenarioin which theinitial conditionsaresymmetric,thus}b/��V�a/�}�� . Moreover, by constructionwe have ~Æ/�~�� . Thereforethe dynamicsof the wrap

aroundmodelin theextendedarea‘contain’ thoseof thereflectionmodelin therestrictedarea.

8 Validation and applications

In this Sectionwe validateour analysisof the RD model comparinganalyticalpredictionwith

simulationresultsobtainedfrom anevent-drivensimulator. At thesametimeweoffer examplesof

possibleapplicationsof ourmethodology.

8.1 Generalizedmobility model.

Supposethatwewantto achieveagivennon-uniformstationarydistributionof mobiles’onthe2D

plane. In particular, considera metropolitanareadivided into 3 concentricrings �L´ , � � , � È in a
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Figure3: Distributionof mobilesmeasuredonsimulation

after5 hours,resultingfrom thegeneralizedRD model

squareareaof edge20kilometers,asdepictedin Figure2.

The outer region is denotedby ��� . Let’s assumethe populationdensityis maximumin �{´ ,
equalto + ´ , whereasthedensityin region �CÏ , ( Î�ÃY� ), is + Ïa/ + ´v§�Î . We candesigna generalized

RD modelwhosestationarydistributionof mobiles’ locationfollowsexactly this distribution. As-

suminganequalfractionof usersin themoveandpausestates( �£/E� ), we have to setthescaling

factorof speedvelocity  $�����@¦o�9/EÎ , � �����@¦o�¡,��CÏ .
Figure3 containstheresultsof a simulationin which 8 million mobilesmove accordingto the

generalizedmobility modelspecifiedabove. Irrespective of their initial position,distributionsof

move/pausetimes,distributionof speed,they tendto thedesirednon-uniformdensity. In particular,

theplot in Figure3 reportsthetotalnumberof usersmeasuredin simulationin eachsquareof edge

100mafter5 hoursof simulatedtime, assuminga basespeeduniformly distributedin [-10 km/h,

10 km/h] in eachdirection.

8.2 Transient analysisin 2D.

We now presentan exampleof transientanalysison the 2D plane. We assumethat mobilesare

initially uniformly distributedwithin a circle of radius2 in themiddleof squareareaof edge20.

Move andpausetimesareexponentiallydistributedwith mean1. The speeddistribution �����8¶��
hasacircularsymmetry;thespeedmodulusis uniformly distributedin [0,1].

Thisscenariocouldrepresenthow thecenterof acity emptiesat theendof aworkingday.
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Figure5: Representationof the initial distribu-

tionof mobiles’locationlimiting theFourierse-

riesexpansionto ��:V�dh;��:V� terms.

We follow the stepsto performthe transientanalysisof the systemasdescribedin Section7.

First, we computeparameters6o´��Ió¸Pl�&óVk�� and 6 � �IólPl�&óVk�� associatedto eachelementaryvector(see

Section7.3). Figure4 depictsparameter6o´ for all combinationsof thefirst 30 positive valuesofó¸P and óVk asacontinuoussurface(for abetterrepresentation).Notethat6o´�� ó¸PA�vó�k��9/�6o´��Q"$ó¸PA�&óVk��!/�6o´�� ó¸P¸��"LóVk��9/%6o´���"Ló¸PA��"LóVk��
thuspositivevaluesof ó¸P and óVk provide all information.We observe that 6o´ , which is a negative

number, decreasesrapidly for increasingó¸P or óVk . In practice,the durationof the transientis

determinedby thesmallestabsolutevaluesof 6o´ . This suggeststhat thereis no needto keeptoo

many termsof theFourierseriesexpansionof theinitial distributions:solutionscorrespondingto

large ó¸P or óVk decayvery fastover time andthereforedo not provide a significantcontribution to

theoverallsolutionexceptin theverybeginningof thetransient.

Next wecomputetheelementaryvectorexpansionof theinitial distributionof mobiles’location

(a bi-dimensionalFourierseriesexpansion),truncatingtheseriesto �3:V�dh;��:V� coefficients ó¸P andóVk . This is enoughto produceasatisfactoryrepresentationof theinitial distributionsincethevery

beginning(i.e. )9/E� ), asillustratedin Figure5.

Now, supposethatwe want to computethe distribution of mobilesat an arbitrarytime instant)ÉÃ�� . It is sufficient to reconstructthe distribution from the elementaryvectorsseriesexpan-

sion,having multiplied eachterm of the seriesby the correspondingfactor(either ÿ t 5 æ Û ± 4L� ± � Ý Ü or
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simulationat time t = 10.

ÿ t 5 ) Û ± 4 � ± � Ý Ü ). For example,Figures6 and7 reportthe distribution of mobilesat time )�/Z��� , ac-

cordingto analysisandsimulation,respectively. Themobiles’distribution hasbeenobtainedin

simulationconsidering10 million nodes,andcountinghow many of themarepresentat )!/q��� in

eachsquareof a ���¸��hg���l� grid. Note thatwe have usedsucha largenumberof nodesto obtain

a cleandistribution on thechosengrid aftera singlesimulationrun. We couldhave considereda

smallernumberof nodes(or evena singlenode),but in this caseit would have beennecessaryto

averagetheresultsof many independentsimulationruns.

Recallthatwe canregardtheanalyticalpredictionastheprobabilityof finding a singlemobile

at a given point of the planeafter time ) , startingfrom an initial pdf of its location at )º/ � .

Actually, this point of view opensa wide rangeof possibleapplicationsof our analysis. For

example,onecould studythe persistenceof a wirelessconnectionbetweena mobile anda base

station,anduseour probabilisticanalysisto designbetterhand-off strategies.Anotherapplication

is the computationof meetingor hitting timesamongnodesstartingfrom given locationsin the

space,which is instrumentalin the designof mobility-assistedrouting schemes[15]. Another

interestingapplicationis theanalysisof link durationandavailability in mobilead-hocnetworks,

aproblemthatis receiving increasingattentionin thelastfew years[14, 16, 17,18].
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8.3 Impact of parameterson the transient duration.

We now turn to the1D caseandstudythe impactof variousparametersof the randomdirection

modelon the durationof the transient. As alreadyobserved, the time constantof the systemis

essentiallygivenby thesmallestabsolutevalueof 6�´ , i.e. theoneassociatedwith thefundamental

mode ó_/Ð� . Thus,we look now at how 6o´����Ê� dependson the systemparameters.We fix the

region wheremobilesmove to the interval [-10,10]. First, we considerthe impactof move/pause

dynamics,while keepingthe speeduniformly distributedin [-1,1]. Figure8 reportsthe valueof6o´��Q��� asa function of the averagedurationof move time, for differentratiosbetweenpauseand

movetimes.Both of themareassumedto beexponentiallydistributed.

We observe that, for a givenpause/move ratio, 6o´����Ê� becomesmorenegative (which impliesa

shortertransient)for increasingdurationof themove time, becausemobilesspreadfasterif they

keepthe samedirectionandspeedfor prolongedperiodof time. For a given valueof average

move time, theabsolutevalueof 6o´��Q�Ê� decreases(which impliesa longertransient)for increasing

persistencein thepausestate.
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Figure8: Thedependenceof 6��Q�Ê� on move/pausedynamics.

Next, wefix theaveragedurationof themoveandpausetimesequalto 1, andvarythemaximum

speed� of mobiles,which is assumedto beuniformly distributedin �#"$�a�v��
 . Figure9 reportsthe

valueof 6o´����Ê� asa functionof � for differentvaluesof thevariationcoefficient M¡ù�� of movetime,

whosedistributionis assumedto behyper-exponentialof thesecondorder. Pausetimesareinstead

exponentiallydistributed,i.e. M¡ùýø�/¤� .
While the effect of speeddistribution is moreintuitive, i.e. 6o´����Ê� becomesmorenegative for

increasing� (shortertransient),thedependency onthevariationcoefficient M¡ù�� is quiteintriguing,

with multiple intersectionsamongcurvescorrespondingto M¡ù��$/d�l��:��r� . Thereforewedecidedto
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checkonsimulationthispeculiarbehavior. In particular, weconsiderthecaseof �¤/¤� . According

to Figure9 thefastesttransientshouldbefor M¡ù��$//: , whereasM¡ù��$//� shouldproducetheslower

transient.Wetakeasinitial distributionof mobiles’positionagaussiandistributionwith avariance

of 1, centeredin theorigin. Figures10, 11,12, reports,respectively, thedistributionsmobilesforM¡ù��$/d�l��:H��� sampledevery10 timeunits.

Analytical predictionsmatchperfectlywith simulationresultsin all cases,andconfirmthe im-

pactof the variationcoefficient: the curves referring to M¡ù��?/�: flatten more rapidly than the

curvesfor M¡ù��$/¤� , which in turnflattenmorerapidly thanthecurvesfor M¡ù��L/!� .
Finally, Figure13 reportsthevaluesof 6o´��Ió�� up to ó©/Y���¸�l� for thethreeconsideredvaluesofM¡ù�� . Themostsignificantvaluesof 6o´��Ió�� in determiningthedurationof thetransientareshown in
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theinsetof Figure13.

8.4 Transient analysiswith reflection

For theRD modelwith reflectionboundaryconditions,wepresentanexampleof transientanalysis

carriedout adoptingtheproceduredescribedin Sect.7.4. We consideranasymmetricinitial con-

dition in which thenodedensityhastheshapeof a triangle,put againsttheright boundaryof the

segment �#"����o�@�%
 . In Figure14 we comparethenodedensitydistribution obtainedin simulation

andanalysis,sampledat )$/ �o�
�������o�r�l�o���l� . Thedurationof move andpausetimesareassumed

to be exponentiallydistributedwith mean1, and the speedis chosenuniformly in �#"��l���G
 . As

expecteda perfectmatchbetweenanalyticalpredictionandsimulationresultscanbeobserved.
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9 Conclusions

Sofar in theliterature,thetheoreticalinvestigationof randomdirectionandrandomwaypointmo-

bility modelshasmainly focusedon the analysisof the steadystatedistributions. The approach

proposedin thispaperpermitsto extendstheanalysisto thetransientregime.Wehavestartedfrom

theobservationthatChapman-Kolmogorov equationsdescribingthedynamicsof a singlemobile

canbe usedto describethe dynamicsof large populationof users.We have obtainedChapman-

Kolmogorov equationsof a mobile moving accordingto either RD or RWP model. Then we

have appliedstandardmathematicaltechniquesto analyticallysolve theequationsfor RD models

in both steadystateandtransientregime, eitherwith wrap aroundor reflectionboundarycondi-

tions.Wehavederivedsimpleexpressionsrelatingthetransientdurationto themodelparameters;

moreover, we have proposedgeneralizedRD modelsto achieve a desiredstationarydistribution

of mobilesin the space,a problemthat hasreceived so far little attention. So far, we have not

foundananalogousanalyticalsolutionfor theequationsof theRWPmodel.Wesuspectthanmore

sophisticatedmathematicaltechniquesareneededin this caseto solve theChapman-Kolmogorov

equations.Nevertheless,our formulationof theRWP allows oneto computethetransientbehav-

ior alsofor this modelusingnumericalmethods(e.g. finite elements).Our dynamicalviewpoint

indeedopensmany new directionsin thetheoryandpracticeof randommobility models.
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A Uniquenessof solution

Herewe prove thattheproblemdefinedby equations(3), (4) with boundaryandinitial conditions

specifiedin section2.1admitsat mostonesolutionin boththewrap-aroundand reflectioncases.

First we introducethefollowing two lemmaswhichwill beusedto proveourmainresult.
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Lemma 1 Supposefor simplicity that �%�!�	��� is uniformly distributedbetween�K"-�Ê§V:����Ê§�:Ê
 . Then

thefunctional �
��)*�a/ � : rar � � �����
�<�*)*�ozo�$zo�{[ � : r �H�8���
)*� � zo�

is a non-increasingfunctionof time, for anypair of functions
� �����@���
)*� , �S�����*)*� which aresolutions

of (3) and(4), respectively.

Proof: First,wedefine:

Â�Â �S�����
)*��Â�Â � / r � � �8���
)*�ozo�Å/ r�r � � �8���
)*�GØ��	���oz��!z��
Â�Â �%�!���o��Â�Â � / r � � �	���oz��^/d�

Â�Â �S�����*)*�
�%�!���o��Â�Â � / r!r � � �����*)*�
� � �����oz���z��£/
Â�Â �S�8���
)*�ÊÂ�Â � Â�Â �����8�c�ÊÂ�Â � / Â�Â6�S�����
)*��Â�Â �

Now let usevaluate:

z
�

��)*�z�) / zzo)�� � : rar � �����
�<�*)*� � z��$zo�{[ � : r �H�8���
)*� � zo�i�J/
/E� r9r � �8���@���
)*� ��� �8���@���
)*�� ) zo�Cz��{[g� r �H�8���
)*� � �S�����*)*�� ) z��£/
/ r!r � �8���@���
)*� � "�� ��� �����@���
)*�� � [��c���������
�S���c��"-� � �8���@���
)*���ozo��z��{[
[¿� rar �S�����*)*� � "$�c�S�8���
)*��[b� r � �����
�<�*)*�ozo�¡z�� � z��£/
/¤"C� r!r � ����� �8���@���
)*�� � zo�Cz��{[g��� rar ���������
�S���c� � �����
�<�*)*�ozo�Szo�7"
"�� � rar � � �����@���
)*�oz��{[(��� rar �H�8�c� � �����@���
)*�oz��!z���"b� � r � � �����
)*�oz��³Ë
ËÆ"�� � Â�Â � � �8���@���
)*�ÊÂ�Â�[�:l���¡Â�Â �S���c��Â�ÂSÂ�Â � �����
�<�*)*�ÊÂ�Â�"b� � Â�Â �S���c��Â�Â � Ë]�
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In casein which �%�!�	��� is not uniform thepreviousresultcanbeextendedredefiningthefunction

�
��)*� .

Lemma 2 Let �%�!�	��� bea regular pdfwhoseassociatedcdf is ���!�	��� . Havingdefinedòm�����@���
)*�a/� �8���@���
)*�
§¸�%�!�	��� for any ��ÃÌ� thefunctional�
�8)*��/ � : r�r s�  2�B Û s Ý¢¡�£òm�8���@���
)*� � zo�Czo���!���o�p[ � : r �S�����
)*� � z��

is not increasing.

Proof: this statementcanbeprovedrepeatingthepassagesof previousproof.

Fromthemonotonicityof functional

�
�8)*� wecaneasilyshow thatsolutionsof equations(3) and

(4) areunique.

Proof: By contradiction,supposethattwo differentpairsof functions
� ´��8���@���
)*� , �Ê´������
)*� and� � �8���@���
)*� , � � �����
)*� aresolutionsof the equations(3) and(4) with the sameinitial andboundary

conditions;thenby linearityof theequations(3)and(4),
� ´��8���@���
)*��" � � �8���@���
)*� and �Ê´������*)*��"b� � �����
)*�

aresolutionsof theequations(3)and(4)with null initial conditions;i.e.,
� ´������
�<�@�A��" � � �8���@���v�A�9/¢�

and ��´������v�A��"b� � �8���v�A�a/E� . As a consequence,since

�
��)*�7 k� (by definition),

�
�I�A�`/Z� , and

�
��)*� is not increasing,it results

�
�8)*�a/W�>� � ) . Thereforeit mustbe

� ´������@���
)*��" � � �����
�<�*)*�!/¢�
and �Ê´��8���
)*�½"(� � �����
)*�9/W� ; i.e.,

� ´��8���@���
)*�9/ � � �����@���
)*� and �Ê´������
)*�a/E� � �8���
)*� .
B GeneralizedRD modelwith non uniform stationary solution

Thesteady-stateequationsfor thegeneralizedRD modelare:

� �c�������H� � ���������@¦o�� � /¤" ��� �8�������@¦o�� ¦ [
[{®o��¦��*�%�a���o�*�c´����c� r ¯ � � �	«A�
�S�8���v«A�oz�«¿"?�a�	¦o� � ���������@¦o� (34)

� �S�����v«A�� « /¤"$�<´����c�
� � �I«l�
�S�����v«l��[b®o�	«A� r!r �9�	¦o� � �8�������@¦o�ozH�!z�¦ (35)
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Consideringproduct-formcandidatesolutionsof thetype
� �8�������@¦o�½/Eòm�����r���*óf�	¦o� and�S�����v«l�!/(ô����c�*ª��	«A� with õ áö t ª��I«l�QÀH«^/ õ áö t óf��¦���ÀH¦^/¤� , anddefining:

��÷�øf�8�c�ï/ �c´��8�c� r áö t � � �	«A�
ª��I«l�oz�«n/ �åJ�6X pause���c��

��÷8ø / r áö t �9�	¦o�
óf��¦��ozH¦`/ �åJ�6X move


it resultsthat òm�����r��� , ô��8�c� mustsatisfy:

� �c�������H�Qòm�8�����H�� � / ��÷8øf���c���%�!���o�8ô����c��"?�c÷�ø¡òm�����r��� (36)

��÷8øf���c�%ô����c�º/Ð�c÷�ø r òm�������H�ozo� (37)

while óf�	¦o� and ª��I«A� satisfyequationssimilar to (21)and(22), respectively.

Substitutingtheexpressionof ô��8�c� obtainedfrom (37) into (36),yields:

� � �c�����r����òm�������H�ç
� � /5�%�!�¤����� r òm�8�����H�ozi��";�¿òm�������H� (38)

Now, consideringproduct-formcandidatesolutions,i.e.,solutionsof theform òm�8�����H�9/!¥*���c��ñ¡�¤��� ,
with õ ñ¡���H�QÀ���/d� , it results:

�Añ¡�¤��� � �¦ $���c��¥
�8�c��
� � /]�§¥*�8�c���R�%�!���H�O";ñ¡���H�ç
 (39)

andwecandecouplethepreviousequationinto two ordinarydifferentialequations:

z��¨ $���c�"¥*�8�c��
zo� //M¿�§¥*�8�c� M§�n/ �%�!���H�ñ¡���H� "Ì�
from which it resultsñ=�¤�H�C/ 2*B Û�©*Ýª « © '�´¤¬ Since ñ¡�¤���L d� and õ ñ¡���H�oz��£/2� , it resultsM / � ; hence,

ñ¡���H�½/5���!���H� and ¥
�8�c�a/ N­ Û P Ý for some® suchthat õ ¥*���c�ozo�©/d� .
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In conclusion,we canobtainany assignedprofiles #� ���c� and #�S���c� of themobiles’densityin the

moveandpausephases,respectively, by setting $���c�a/ $#� ���c� �O�8�c�!/ �%#� ���c�#�S���c�
C Unidimensionaltransient analysiswith exponentialphasetimes

Considerproduct-formcandidatesolutions:
� �8���@���
)*�9/¢j��8)*�Qòm�8���@��� and �S�8���
)*�a/]j��8)*�QÁo���c� ; sub-

stitutinginto (3) and(4), weobtain:

z�jp��)*�z�) òm�����@���h/ "��Sjp��)*� � òm�8���@���� � [g[¿�c���������QÁo���c��jp��)*��"?�fòm�8���@����jp��)*�
zoj��8)*�zo) Áo���c�h/ "$��Áo���c�çj���)*��[(��j��8)*� r òm�8���@���oz��

From which we canseparatethe dependency on time from the dependency on spaceandspeed,

yielding:

zoj��8)*�z�) /¯6�j��8)*� (40)

� � òm�8���@���� � / �<�%�!�	���QÁo���c��"Ì�	��[76��Qòm�8���@��� (41)

Á��8�c�É/ ��^[=6 r òm�����@���oz�� (42)

Now substitutingtheexpressionof Áo���c� providedby (42) into (41)wehave:

� � òm�����
�o�� � /W���!�	��� ����^[=6 r òm�����
�o�oz��n"¢���J[=6��Qòm�����
�o�
For òm�����@� ), weconsideragainproduct-formcandidatesolutionsòm�8���@���!/¢ð=�8�c��ñ¡�	��� , obtaining:

�{ñ¡�	¦o� z�ð=���c�z�� /5���!�	��� ����-[76 ð=�8�c� r ñ¡���o�oz��n"¢����[76��*ð¡���c��ñ¡���o�
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in which wecanseparatethefunctionswhichdependon � from thefunctionswhichdependon � :

z�ð¡���c�zo� / b�ð=���c� (43)

ñ=�����õ ñ¡�¤°{��À�° / �%�!���o� ���� �-[76������J[=6e[7b���� (44)

Functionsð=���c��/ ÿL± P , where b is any complex number, aresolutionsof (43). Insteadfrom (44),

since õ s ² Û s Ý� ² Û�³�Ý"	r³ zo�e/¤� , weobtaina fundamentalrelationbetween6 and b :
����^[=6 r s ���!�	����J[=6e[7b�� z��`/¤� (45)

Wraparoundboundaryconditionsrequirethat ð=��������/5ð=�����%� , ����� P��=P ��e´ �¸Û P Ý´ P / ����� P��=P ��µ´ �¸Û P Ý´ P .

Thisconstraintis satisfiedwhen ð=���c� is periodicwith period ��§l�ÊP$/¢����"~��� . It follows thatwrap

aroundboundaryconditionsaresatisfiedwhen be/J8¶:�;��ÊP�ó , with óW,·> . Notice that solutionsð ± ���c�U/ ÿ 0 �*132�4 ± P correspondto thestandardFourierbasisfor theinterval � ���S�
��� 
 , which is dense

in M ö �*�6���S�
���K
y� , theclassof continuousfunctionsdefinedover �6���H�
���K
 .
For any given ó£,H> , (45)providesanimplicit equationthatdefinesexponent6��Ió�� :

����^[=6 r s ���!�	�����[=6e[.8�:<;�ó��ÊP�� z��^/d� (46)

D Transient analysisof RD modelwith reflection

Herewe prove that the transientanalysisof the RD modelwith reflectioncanbe reducedto the

analysisof theRD modelwith wraparound, asexplainedin Section7.4.Weassumethatthespeed

distribution is symmetric,i.e., �%�!�	���9/5���!�Q"��o� . Theproof is articulatedin four steps.

Step1 ConsidertheunidimensionalRD modelwith wrap around. Without lossof generality, let

the domainbe the interval � ����/d"��l�
���{/¤��
 . If
� �����
�<�*)*� and �H�8���
)*� are the solutionof

(3) and(4) correspondingto theinitial conditions
��� �����@��� and � � ���c� , then

� �Q"U����"��<�*)*� and�S�Q"U���
)*� arethe solutionof (3) and(4) correspondingto the initial conditions
�c� ��"�����"����
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and � � �Q"U�c� . This propertycanbeeasilycheckeddirectly on equations(3) and(4) through

thechangeof variables�8���@���9� ��"�����"C��� .
Step2 As a consequenceof previousstepthefollowing propertyfollows: if the initial condition

is symmetrical,i.e.,
��� �8���@���-/ �c� �Q"U����"���� , � � ���c�n/ � � ��"��c� , thenthe solution

� �����
�<�*)*� ,�S�����*)*� is symmetricalfor all ) , i.e.,
� �8���@���
)*�a/ � ��"�����"C���
)*� and �H�8���
)*�9/5�S�Q"U���
)*� .

step3 For any symmetricalinitial condition
��� �����@���a/ �c� �Q"U����"��o� and � � �8�c�!/W� � �Q"U�c� , theRD

modelswith wrap aroundandreflectionadmit thesamesolution. Indeed,thewrap around

solution must satisfy the boundaryconditions
� �Q�¸�@���
)*�;/ � �Q"��l�@���
)*� . This, combined

with the invarianceunderthe transformation�����@���n� �Q"U����"C��� , implies that
� �Q�l�
�<�*)*�-/� �Q�l��"����
)*� , andsimilarly

� �Q"��l�@���
)*�a/ � �Q"��l��"����
)*� , thusthewraparoundsolutionsatisfies

alsothe reflectionboundaryconditionsandthereforeprovidesa solutionfor the reflection

model. Finally, from theuniquenessof thesolutionof theRD model,no othersolutionfor

thereflectionmodelexists.

Step4 Now, without lossof generality, considera reflectionmodelover thedomain � �o���G
 , under

an arbitraryinitial condition
��� �8���@��� and � � �����
)*� . We comparethe solutionof this model

with thatof a wrap aroundmodelover theextendeddomain �#"��l���G
 , underthe initial con-

dition
��� �8���@����[ ��� �Q"U����"C��� and � � ���c�½[¢� � ��"��c� : we claim that the restrictionof the lat-

ter model(with wrap around)over the domain � �o���G
 providesthesolutionof the reflection

model over the samedomain. Indeedconsider
� �8���@���
)*� and �S�8���
)*� , the solution of the

wrap aroundmodelover �K"-�l����
 . Observe that, by construction,the initial conditionsof

this wrap aroundmodelaresymmetric.Since
� �����@���
)*� and �S�����
)*� areinvariantunderthe

transformation�8���@���9� ��"�����"C��� , wehave
� �Q�¸�@���
)*�9/ � �Q"��l�@���
)*�a/ � �Q�l��"����
)*� , therefore

the solutionsatisfiesthe reflectionconditionat boundary�E/Ð� . Moreover, by construc-

tion
� �	�o�@���
)*�Å/ � �I�o��"C���
)*� , thus the reflectionboundaryconditionsare satisfiedalso at�b/ � . Since

� �����@���v�l��/ �c� �8���@��� and �S�����v�A��/ � � �8�c� over domain �R������
 , the restriction

of
� �����
�<�*)*� , �S�����
)*� over �R������
 provide theuniquesolutionof the reflectionmodelover the

samedomain,undertheinitial condition
�c� �����@��� and � � �8�c� .
35


