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Abstract

In this paperwe revisit two classef mobility modelswhich arewidely usedto repre-
sentusers’mobility in wirelessnetworks: RandomWaypoint(RWP) and RandomDirection
(RD). For bothmodelswe obtainsystemsof partial differentialequationsvhich describethe
evolution of the users’distribution. For the RD model,we shav how the equationscan be
solvedanalyticallybothin the stationaryandtransientregime adoptingstandardnathematical
techniques.Our main contritutionsarei) simpleexpressionavhich relatethe transientdura-
tion to themodelparametersj) thedefinitionof ageneralizedandomdirectionmodelwhose

stationarydistribution of mobilesin thephysicalspacecorrespondso anassignedistribution.
Index Terms

Mobility Models,Partial DifferentialEquations

1 Intr oduction

Mobility modelsplay afundamentalole in the analysisanddesignof wirelesssystemdl, 2]. In
the pastseveralyears researcherbave proposedh numberof mobility modelsfor the purposeof
simulatingthe movementof usersin awirelessnetwork. Two widely usedmodelsaretheRandom
Waypointmodel (RWP) [3] andthe RandomDirection model (RD) [4]. In both models,users
independentlyollow a sequencef linear sgmentsandtraverseeachsegmentat constantspeed.

Thetwo modelsdiffer in how a userchooseghe next sggmentto traverse:underthe RWP model,

*A preliminaryversionof this paperappearedt ACM MobiHoc 2006.



a userselectsa randomdestinationpoint within the space;instead,underthe RD modela user
chooses directionto travel in anda durationfor thetravel. In bothcasesthe speedon a sgment
is takenfrom somegivendistribution. Moreover, beforestartingto travel onthenew sggmentusers
canstopfor arandomtime, thusalternatingphasesn which they move with phasesn which they

keepsitill.

Despitetheir wide usein simulationstudies propertiesof the abose mobility modelshave only
recentlybeenestablisheé@ndfully understoodin [5] theauthorshave usedPalm calculusto study
the stationaryregime of a large classof mobility models(including RWP andRD), explaininga
numberof previously obseredphenomenauchasspeediecay{12] andnon-uniformdistribution
of nodeq9, 10]. Theiranalysiggeneralizesindingsin [7, 6, 11] aboutexistenceanduniquenessf
astationaryregime,andprovidesthecorrectmethodologyto startasimulationin steadystatesoas
to avoid transienteffects(perfectsimulation).Moreover, the proposegerfectsamplingtechnique
appliesto quite generalareashapege.g.,the SwissCross),without requiringthe computationof
complex geometridntegrals(lik e for examplein [8]).

It turnsoutthatthe RWP mobility patternis moredifficult to analyzeandcontrolin termsof the
stationarydistributionsof locationandspeedof mobiles,anddoesnot usuallyleadto a uniform
densityof nodesin the space.Onthe contrary the RD mobility patternhasthe nice propertythat
usersalwaystendto beuniformly distributedin the spacejrrespectve of the boundaryconditions
imposedwraparoundor reflection).Moreover, thedistribution of locationandspeedatarandom
time instantarethe sameasat a transitioninstant[5], which greatlysimplifiestheanalysis.

Two importantissuesn the analysisof mobility modelsstill needto be solved. Thefirst is the
study of the corvergencerateto the stationaryregime from arbitraryinitial conditions. Thatis,
how long doesit take to approachhe stationarydistribution if the simulationstartsaway from the
equilibrium? Sofar, in the literature,the transientoehaior of mobility modelshasmostly been
consideredh nuisanceandmary efforts have beendevotedpreciselyto eliminatetransienteffects
from simulations. However, capacityplanning, network resilienceand reliability, etc., usually
requireto testapplicationsand protocolsin time-varying, critical conditions,not in the steady
state. Take, for example,the caseof a large numberof mobile nodesforming anad-hocnetwork
initially confinedin a smallarea(suchasa conferenceoom, afootball stadium,or thelike), who

at somepoint startdispersingaway. Onewould like to simulatesucha scenariato seehow the



network behareswhile nodesgetmoreandmorefar aparttill connecwity is lost. This paperwill
shav that theoreticalmobility modelspermitto do this in a controlledand predictablefashion,
I.e.,it is possibleto choosgparametersf the mobility modelto obtaina desirednodes’dispersion
rateanddurationof thetransient.Our dynamicalviewpointthusbringswhatmight beregardedas
ideal,unrealisticmobility modelsmuchcloserto practicalapplications.

The secondssueis the reverseof the problemconsideredo far in analyticalstudiesappeared
in theliterature:is it possibleto devise a mobility patternthatachievesa desiredstationarydistri-
bution of nodesin space?Sofar, theoreticalstudieshave just predictedthe stationarydistribution
generatedby agivenmobility model. However, theability to designamobility modelthatproduces
an assignedlistribution of nodesin the areawould be of muchgreaterinterestin real problems,
wherenodedensitiesare almostalwaysnon-uniform. As an example,onecould be interestedn
simulatingscenariosn which nodesaremore denselyconcentratedh someportionsof the area,
likein aurbancontext.

In this paperwe proposean analysisof the RWP andRD modelsthatallows usto addres$oth
issuesabove, filling the existing gapin the analysisof mobility models. We use partial differ-
ential equationg PDE’s) to describehow the mobiles’ statedistribution evolvesover time. Our
novel formulationprovidesthe analyticalbasisfor solving both transientandnon-uniformcases.
In particular it permitsto studythe transientdynamicsof a systemstartingfrom arbitraryinitial
condition,for bothRWP andRD models.For the RD model,we shav how the partial differential
equationanbe solvedanalyticallyin thetransientregime adoptingstandardnathematicatech-
niques.Moreover we re-derive known resultsaboutthe stationarydistribution of the RD modelin
amorestraightforvard mannerthanprevious approachebasedn Palm Calculus.Our methodol-
ogy allows, for thefirst time to the bestof our knowledge:i) to derive simpleexpressionselating
the transientdurationto the model parametersii) to generalizeéhe RD modelso asto obtaina
desiredstationarydistribution of nodesn the space.

Theremainderof paperis organizedasfollows. In Section2 and3 we presenthe equations
describinghebehaior of asingleusermoving accordingo theRD andRWP model,respectiely.
In Section4 we statisticallyre-interprethe previously obtainedequationdor a singleuser show-
ing thatthey canbe usedaswell to describethe dynamicsof a large populationof mobile users.

Thesteadystateanalysisof thestandardRD modelis providedin Section5, whereagheextension



of this modelto achieve arbitrarydistributionsof nodesin theareais describedn Section6. The
transientanalysisof the RD modelis presentedn Section7. In Section8 we validateour analysis
by simulationon a few examplesand presentpossibleapplicationsof our methodology Finally

Section9 concludeghe paper

2 Equations of the RD model

We startconsideringa singleusermoving accordingto the randomdirectionmodelover a unidi-
mensionabdomain furtherassuminghatmove andpausdimesareexponentiallydistributed. Then
we generalizeour approacho thecasen which move andpausdimeshave a generadistribution.

Finally we extendour equationgo the multidimensionatase.

2.1 Unidimensional casewith exponentialphases

We assumehatthe domainin which the mobile canmoveis theinterval [z;, z,,|, Move andpause
times aretaken from an exponentialdistribution of parameten, and A, respectrely. Whenthe
mobile startstravelling on a new sggmentit selectsa speedfrom the genericdistribution fy-(v).
We furtherassumehatthe absolutespeedvalueis upperboundedoy a constant,,,.,, i.e., support
of fy(v) isin theintenal [—Vinax, Vimax). Thisis areasonablassumptiorfor all casef practical
interest.

The dynamicsof the mobile can be describedin termsof a Markov Processover a general
spacestate[13], in which the instantaneousobile state K (¢) is characterizedy: i) the phase
P(t) € P = {move pausé; ii) theinstantaneouposition X (t) € [z;, z,]; iii) the currentspeed
V (t) (in caseP(t) = move).

Let N(z,v,t) bethe cumulatve probability thatat time ¢ the mobileis in the move phaseat a

positionX (t) € [z, z] with aspeedV (t) € [—Viax, v]:
N(z,v,t) 2 Pr{P(t) = move X (t) € [z1, 2], V(t) € [~ Vinaz,v]}

Let S(z,t) bethecumulative probabilitythatattime ¢t themobileis in the pausephaseataposition

T € [z, z]:

S(z,t) £ Pr{P(t) = pause X (t) € [z, 7]}



Considerasmallinterval T = [t,t + At). Conditionallyover the factthatno phasetransition
occursin 7', accordingto the RD modelattime ¢t + At stateK (t) = (move, z, v) is deterministi-
cally transformednto stateK (¢t + At) = (move = + vAt, v), whereasstateK (t) = (pausex) is
deterministicallytransformednto stateK (¢ + At) = (pausez); thus,conditionallyover the fact

thatno phasdransitionoccursin 7', we have (with albuseof notation):

N(z +vAt,v,t+ At) = N(z,v,1t) (no phaseransition)

S(x,t+ At)

S(z,t) (no phasdransition)

If a transitionoccursatt + 7 € T, state K(t)=(pausex—v(At—7)) is deterministically
transformednto stateK (¢ + At) =(move, z, v), whereasstateK (t) = (move = — vT, v) is trans-
formedinto stateK (¢ + At) = (pausex). Thus,conditionallyoverthefactthataphaseransition

occursin T, it results(again,with abuseof notation):

v

N(z,v,t+ At) = S(z,t) fv(v)dv + O(At) (with phaseransition)
*Vmax
Vmax
S(z,t+ At) = N(z,v,t)dv+ O(At) (with phaseransition)
—Vinax

Due to the exponentialdistribution of the move and pausetimes, the probability that a phase
transitionoccursin 7' from pauseto moveis AAt + o(At); the probability thata phasetransition
occursduring T from moveto pauses uAt + o(At); the probability that more than one phase

transitionoccursin 7' is, instead p(At). Thereforewe canwrite:

N(z +vAt,v,t + At) = N(z,v,t)(1 — pAt) +AALS(z + vAt, t) [ fy(v)dv +o(At) (1)

- Vmax

Vmax
S(x,t+ At)=S(z,t)(1 — AAL) + pAt N(z,v,t)dv + o(At) 2

- Vmax

SubtractingN (z + vAt, v, t) from both membersof (1) (and,similarly, subtractingS(x, t) from
both membersf (2)), dividing by At andletting At — 0, underthe assumptiorthat fy (v) is a
continuousandderivablefunction,we obtainthefollowing coupleddifferentialequationsthatcan

beregardedasthe Chapman-Klmogoros equationf the Markov process:

on(z,v,t) on(z,v,t)

ot = —’UT —{—)\fv(U)S(.’I?) —,un(a:,v,t) (3)



Bs(aa;, ) = —As(z,t) + u/n(m,v,t) dv 4)
where
_ O’N(z,v,t) _ 0S(x,1)
nrvt) = =75 @="%

Boundary Conditions

A problemthatarisesin the RD modelis whatto do whenthe mobile hits a boundary Several
stratgieshave beenproposedamongthemthe mostpopulararewrap aroundandreflection In
thewrap aroundmodel,the mobile hitting a boundarywith speedv instantaneouslyeappearsit
the oppositeside maintainingthe samespeed.Thusthe boundaryconditionsof the wrap around

modelfor (3) and(4) are:

0 t 0 t
n(xlvv7t) :n(xu,v,t) ; .r]irz?f% :wliril; % V'U;t
0s(x,t 0s(z,t
s(z1,t) = s(zy,t) xlirgr %’) = xlig; % \27

In the reflection model,instead,the mobile is bouncedbackreversingits speed. The boundary

conditionsof thereflectionmodelfor (3) are:

n(z,v,t) = n(z;, —v,t) : n(zy,v,t) = n(z,, —v,t) Vou,t

In bothcasegheinitial conditionis assumedo be given:
n(z,v,0) =n,(z,v) 5  s(z,0)=s,(z)

Weremarkthattheinitial conditionmustsatisfytheconstraintselatedto its physicalinterpretation
as probability densityfunction (pdf) of the mobile position, speedand phaseattime ¢ = 0. In

particular n,(z,v) > 0, s,(z) > 0 and

// no(z,v) dz dv +/80(x) dz =1



Uniquenessof solution

In AppendixA we prove thatthemathematicaproblemdefinedby equationg3) and(4) subjectto
theboundaryandinitial conditionsdefinedabove eitherfor the wrap-aroundor reflectionmodels,
admitsno morethanonesolution. We emphasizehatthis is a fundamentabktepof our analysis;
indeed,underuniquenessissumptionsf we find a solutionof the equationswvith assignednitial

andboundaryconditionswe canconcludethatit correspondso the actualsystentrajectory

2.2 Extensionto generalphasetimesdistrib utions

Let g(y) be the pdf of movetime, and u(y) the associatechazardfunction, definedas u(y) =
g9(y)/(1—G(y)), whereG(y) is thecumulative distribution function (cdf) of movetime. Similarly,
let h(z) bethepdfof pausetimes,and\(z) theassociatetiazardunction\(z) = h(z)/(1 — H(z)),
where H(z) is the cdf of pausetime. The systemsdynamicscanstill be describedasa Markov
procesover a generalspacestate. However, in this casethe statespacebecomesnorecomplex
sincephasedurationsarenot memorylessthe mobile state K (¢) is now characterizedby thetime
W (t) elapsedsincethe last phasetransition,in additionto its currentphaseP(t), instantaneous
position X (¢t) andcurrentspeedV (¢) (in caseP(t) = move). The mobile dynamicssatisfieshe

following systemof differentialequations:

on(z,v,y,t) _  On(z,v,y,t) On(z,v,y,t)

a0 o By

+6(y) / M) v (0)s(@, 2,8) dz — u(g)n(e, v,9,1) (5)

0s(z, z,t) 0s(x, z,t)

% s A(2)s(z, z,t) + 0(2) //u(y)n(x, v,y,t)dvdy (6)

whered() representshe Dirac function.

2.3 The multidimensional case

Theextensionto ak-dimensionabomaine R* is ratherstraightforvard.Letx = (zy, 2o, ... , T4)
bethe positionof themobileandv = (vy, v, ... ,vg) the currentspeedvector (eachcomponent

representthemobile’s position/spee@longthe correspondinglimension).In caseof exponential



move andpausdimesthe Chapman-KImogoros equationf the systemare:

w = —Vv- Vxn(xa v, t) + )‘fV(V)S(X) - ,un(X, v t) (7)

wherev - Vyn(x, v, t) is theinnerproductbetweernv andVyn(x, v, t).

In the caseof generaldistributionsof phaseduration,we have:

on(x,v,y,t) on(z,v,y,t)
— 5 = —v.Vyn(x,v,y,t) — o
+4(y) /A(z)fv(v)s(x, z)dz — u(y)n(x,v,y,t) 9)
783();,:,& = —788()(;’5’0 — A2)s(x,2,t) +0(2) // p(y)n(x,v,y,t)dvdy (10)

3 Equationsof the RWP model

Similarly to whatwe have donefor the RD model,we startconsideringa mobile moving along
aunidimensionalomain,assuminghat pausetimesare exponentiallydistributed. Notice thatin

the RWP modelusersdo not choosea durationfor the move phasewhich insteaddepend®nthe
selecteddestinatiorpoint andspeed Next we generalizeour approacho the casein which pause

timesaregenerallydistributed,andfinally to the multidimensionatase.

3.1 The unidimensional casewith exponentialpauses

Let [z;, z,] bethedomainin whichthe mobilecanmove,and the parameteof theexponentially
distributedpausdime. Themobilein x, whenchoosinghenext segmentto travel in, first selectsa
destinatiorpointd accordingo thedistributionr(d), thenselectsaspeedaccordingo thedistribu-
tion fy (v|d, z). We noticethatif d > z it mustbe fy (v|d, z) = 0 for v < 0, whileif d < x it must
be fy (v|d,z) = 0 for v > 0. We againassumehatthe absolutespeedvalueis upperboundedoy
aconstant,..; i.e., supportof fy-(v|d, z) fallsin theintenal [—V;,02, Vinaz|, Vd, .

The dynamicsof the mobile can be describedin termsof a Markov Processover a general

spacestatein which the instantaneoustate K (¢) is characterizedy: i) the phaseP(t) € P =

8



{move pausé; ii) theinstantaneouposition X (¢) € [z, z,]; iii) the currentdestinationD(t) €
[z, z,.]; V) thecurrentspeedV (t) € [—Vinaz, Vinaz) (in caseP(t) = move).
Let N(z,v,d,t) bethecumulative probabilitythatattime ¢t themobileis in themove phaseata

positionX (t) € [x;, ], with adestinationD(t) € [z;, d], andaspeedV (¢) € [—Viax, V]

N(z,v,d,t) 2 Pr{P(t) = move X (t) € [z}, z], D(t) € [z;,d], V() € [~Vinaz, ]}

Let S(z,t) be the cumulative probability that at time ¢ the mobile is in the pausephaseat a

positionX (t) € [z, z]:

S(x,t) £ Pr{P(t) = pauseX (¢) € [z, ]}
Introducingthe densities

PN (z,v,d,t)

' 0S(z,t)
Ox Ov Od ’

n(z,v,d,t) = 9

s(z,t) =

we obtainthe following pair of equationsjn a way similar to what hasbeendonefor the RD

model:
on(z,v,d,t)  On(z,v,d,t)
5 = —v e + Ay (v | d)r(d)s(z,t) (11)
88(632, ) = —As(z,t) + /v n(z,v,z,t)dv (12)

where(11)is definedfor d > z andv > 0, 0ord < x andv < 0.

Boundary conditions

In the RWP model,the boundaryconditionsexpressthe factthatthe probability for the mobileto

hit theboundariess null:
n(zy,v,d, t) =0 ; n(zy,v,d, t) =0 You,d,t
s(x;,t) =0 5 s(my,t) =0 Vi
In additionwe imposetheinitial conditions:
n(z,v,d,0) =n,(z,v,d) ; s(x,0)=s,(2)
which mustbe a properpdf for themobile’sinitial position,speedanddestination.

9



3.2 Extensionto generalpausetime distrib ution

Let h(z) bethe pdf of pausetime, and\(z) the associatethazardfunction. The systemdynamics
canstill bedescribedoy a Markov Processver a generalstatespacewe only needto addto the
stateassociatedo the pausephasethe time z elapsedsincethe mobile enteredthe pausephase.

Themodelequationdecome:

Ol 0L | ol ayr(d) [ N,z )z (13)

definedfor d > z andv > 0 ord < z andv < 0, and

Os(z,2,t) = _Os(@,zt) A2)s(z,z,t) + 0(z) /vn(m,v,x,t) dv (14)
ot 0z
3.3 Multidimensional case
Letx = (z1, 2o, ... ,1;) bethepositionof themobile,d = (dy,ds, . .. , d;) thecurrentdestina-

tion, andv thecurrentspeed.
Consideringhe casen whichthepausdimeis generallydistributed,with hazardunction A(z),
we obtain

L o v Tl v, )+ f (vl (@) [ A 200) 0

w _ _W — A(2)s(x, 2, 1) +5(z)/I|VHn(X7VaX: t)dv

4 Statistical inter pretation of previous equations

In this sectionwe provide a statisticalinterpretationof the equationgerivedin Sections2 and3,
valid whenthe populationof mobile usersbecomedarge. We restrictoursehesto the unidimen-
sionalrandomdirectionmodelundergeneralphaseslistributions,howeverthe samenterpretation
holdsin all othercases.

Considera populationof N mobiles,moving independentlof eachother The completestate

for mobile: attime ¢ is denotedby K;(t) = (P(t), X (t), V(¢t), W(t)). Let M bethe setof all

10



statesn whichthemaobileis in themove phaseandsS thesetof all statesn whichthemobileis in
thepausephasel et A beary (Lebesgueneasurable$etof statesanddefinedA,, = A N M and
As = ANS. Letlg,)e4 beanindicatorfunctionwhichreturnsl if mobile: attimet isin astate
belongingto A, i.e. K;(t) € A, andO otherwise.

By thestronglaw of large numbersit results:

. 1

lim — Z L, (tea = Ellg,ea] = Pr{K,(t) € A} = n(z,v,y,t) dAym +/ s(z, z,t)dAs
N—oco N i1 Apm As
Now we obsenre that

1 N
Jim, 2 Lxiea
=

hasanimmediatephysicalinterpretationasthe fraction of mobileswhoseinstantaneoustateat
time ¢ belongsto A; asa consequencéb) and (6) describethe statisticaldensityevolution of a

large populationof usersmoving accordingto the considerednobility model.

5 Steadystateanalysis

In this Sectionwe computehesteady-statsolutiong(i.e. solutionswhichareinvariantwith respect
to time) of the RD model. We startconsideringthe unidimensionaktasewith exponentialphase
times. Next we generalizeour solutionto the casein which phasesaregenerallydistributed,and

finally to the multidimensionaktase.

5.1 The exponentialcase

The systemdynamicsare describedby a Markov processover an uncountablecompact! space
state,whosepropertieshave recentlybeenstudiedproving thatthe steadystatedistribution exists
uniquel5, 6] 2. In particular [5] shavs existenceanduniquenessf thetime-stationangistribution

for abroadclassof randomtrip modelsthatincludesbothrandomdirectionandrandomwaypoint.

LAny closedboundedsubsebf R, ¥n, is compact.
2In [5, 6] the propertiesof RD modelshave beenanalyzed by consideringthe embeddedliscretetime Markov

processwhich is obtainedby samplingthe systemdynamicsat instantsin which the mobile changegphase. An

exhaustie analysisof Markov processesver uncountablepacestatescanbefoundin [13] for thediscretetime case.

11



Moreover, regardlesf theinitial condition,n(x, v,t) ands(z, t) tendto the steadystatedistri-
butionfor t — oo, asprovenin [5] for generakrandomtrip models.
By settingthe derivative with respecto time equalto zeroin both (3) and(4), we obtainthat

steadystatesolutionsn(z, v), s(x) mustsatisfythefollowing equations:

oDy (w)sa) — pnlav) (15)

As(z) = u/n(:v,v) dv (16)

with the boundaryconditionsdefinedin Section2.
Consideringproduct-formcandidatesolutionsfor n(z, v), i.e., n(z,v) = a(z)S(v), we obtain

thefollowing solutionof steady-statequations:

Afv(v) L (g) = L
Crwee—m @

n(z,v) = O ) ee ]

whichsatisfiegheboundaryconditionsfor bothwrap aroundandreflectionin thelattercaseunder
the mild assumptiorthat the speeddistribution is symmetric,i.e., fi-(v) = fy(—v). Notice that
we have basicallyreobtainedheknown resultthatthe steadystatedistribution of nodess uniform
in spacewhile thespeedistributionis thesameasthatusedto selecta new speedatthetransition

points.

5.2 General phasetimesdistrib utions

When phasetimes have a generaldistribution, the steadystatesolution of the RD model still
exists unique,underthe only conditionthat averagephasedurationsarefinite [5, 6]. In addition,
regardlessof the initial condition, n(z,v,t) ands(z,t) tendto the steadystatedistribution for
t — oo.

Now we shov how the steadystateanalysisof RD modelswith generallydistributedphasesan
bereconductedo the analysisof RD modelswith exponentialphasesSettingthe derivative with

respecto time equalto zeroin both (5) and(6), we have:

_UW _ _%jy)”(y) / A2 f (v)s(2, 2) dz — p(y)n(e, v,y)  (17)
0s(x, z)

o = —)\(z)s(x,z)+6(z)/ p(y)n(z,v,y) dvdy (18)
12



Consideringoroduct-formcandidatesolutionsof thetypen(z, v, y) = m(z, v)k(y) and

s(z,z) = p(z)h(z) with [ h(z)dz = [ k(y)dy = 1, anddefining:

dar= [ A)Az) d = m e = [ )00 dy = o —s
it resultsthatm(z, v), p(z), k(y), andh(z) mustsatisfy:
WIMED) gy (0)p(a) — e, 0 (19)
Nap(e) = pa [ mlz,0)dv (20)
al;—fjl)pmove = et 0(Y)Ppause — H(¥)E(Y)Pmove (21)
) e =t (e — Al (22)

whereppause aNdpmove are,respectely, the probability for the mobile of beingin pauseandmove

phaseat steadystate:

E[Tpausé _ E[Tmovel

Ppause = E[Tmovd + E[TanSé ) Pmove = E[Tmove + E[TpauSé

We obsere that equationg19) and (20) are structurallyidenticalto equationg15) and (16),
thusthey admitthe samesolution (with properparametesubstitutions).Instead,equationg21)

and(22) admitthefollowing solutions:

by) = & BHO 1-G()
[ e fouerdady  E[Tmovel
N L

- [Z e Jix@iaq; ~ ElTpausé

which correspondasexpectedto theresidualtime spentin the move or in the pausephasevhen
samplingthe systemat a randompointin time. Also in this casewe have foundthe uniquesteady

statesolution for both wrap around andreflection(in the latter caseunderthe assumptiorthat
fv(v) = fv(-v)).

13



5.3 The multidimensional case

Previousresultscanbe immediatelygeneralizedo a multidimensionakectanguladomain,since

in this casesteady-statequationsadmitproductform solutions

n(x,v,y) = ni(x1,v1)n2(z1,v1) - ng(zk, vg) k(y)

s(x,2) = si(x1)sa(zy) - - - sk(zx) h(2)

andthuscanbe decouplednto unidimensionakquationsvhich arestructurallyidenticalto those
presentedhn the previous Section.

We obsene thatthe RD modelwith wrap aroundis meaningfulonly on rectanguladomains.
Instead the RD modelwith reflectioncanbe definedon a generaldomainD, providedthatit is
compact,strictly connectecandwith a regular frontier 3. Let 9D denotethe frontier of D. The
boundaryconditionscanbe expressedor RD with reflectionasfollows: for ary x € 9D andfor
ary pair (v;, v,.), wherev, is thebilliard-lik e reflectedvelocity of a mobile hitting the borderat x
with velocity v;, we have thatn(x, v;, t) = n(x, v,, ).

Undertheassumptiorthat fi-(v) hascircularsymmetry the uniquesteadystatesolutionof the

RD modelwith reflectionondomainD, is:

Av(v) 1p(x)

. P 1px)
A+p) [Ip(x)dx

@ = [ 1p(x)dx

n(z,v,t) =

wherelp(z) is anindicatorfunction which returnsl if x € D andO otherwise. Indeed.,it is
straightforvardto verify thattheabove solutionsatisfiegshe steady-stat®&D equationswvith reflec-
tion boundarycondition.

We remarkthatthe assumptiorthat the speedvector fy (v) hascompletelysymmetricdensity
hasalsobeenusedin [19] to shav the stability of RD modelwith reflectionover multidimensional

domains.

5.4 Discussion

As a final remarkof our steady-stat@nalysis,we emphasizeéhe our approachbasedon differ-

ential equationsallows to obtainthe steady-statéistribution of RD modelswith wrap-aroundor

Swe saythatthefrontieris regularif thereexist atangentine at every point of it exceptat mostfinite number

14



reflection(in the latter caseunderthe conditionthat fi-(v) is a rotationally symmetricfunction)
in away differentfrom previous approachevasedon Palm Calculus[6, 5]. Indeed,our analysis
providesandinterestingconnectiorbetweerthetheoryof differentialequationsandthe stochastic

techniquesdoptedn [6, 5].

6 GeneralizedRD modelwith non uniform stationary solution

The standardandomdirectionmodelbringsto a steadystatein which nodesare uniformly dis-
tributedin space.However, in mary practicalcasesonewould like to have an anisotropousiode
densityin thearea.For thisreasorwe now generalizéhe RD modelin suchaway thatthestation-
ary distributionsof nodesin the move and/orpausephasesre not necessarilyuniform in space,
but follow a desired(assignedylistribution. In particular we considera randomdirectionmodel
in which: i) the pausetime may dependon the positionz wherethe mobile stops;ii) the speedof
mobilesduringthe move phasecanvary with theinstantaneoupositionz.

Whena mobile startstravelling on a new segment,we assumet chooses “basespeed’¢ from
a genericdistribution fi-(¢). Theactualspeedv is a deterministicfunction of the positionz and
thebasespeed.. For simplicity we assumehattheactualspeeds simply proportionalto thebase
speed; throughafactory(z) thatdepend®nly ontheposition,i.e.,v(z, {) = ¥ (z)(.

Theequationf thegeneralizedRD modelare:

on(z,(y) _ Ov(z,On(z,(y)  On(z,(y) n
ot B ox dy

() fu(v) / Az, 2)s(x, 2) dz — p(y)n(z. ¢, 5) (23)

z

wherewe assumehat A(z, z) hasthe productform A\(z, z) = A1 (x)A2(2), i.e., the averagepause
time depend®n z, whereaghe shapeof thedistribution of pausdime doesnotdependon z.

Profilesn(z) ands(z) of themobiles’densityin themove andpausephasestespectiely, which
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arenovanishingatary pointz, canbeobtainedasshaovn in AppendixB) by setting:

c pun(z)
= = 25
wherec is ary strictly positive constant.For example,considera sggment|z; = —1,z, = 1] and

desiredspatialprofilesn(z) = |z + 1| ands(z) = z? + 1. Accordingto our methodologysuch

desireddensitiescanbe obtainedby settingy)(z) = \:c—ll—l\ and\(z) = u‘;ﬂ, having arbitrarily
choserc = 1.

Notethat,in the casein which we arenotinterestedn obtainingspecificprofilesin the move
and pausephasesput just an overall density 5(z) = 7n(z) + §(z), we canavoid making the
mobile’s speedvary with theinstantaneoupositionz. Indeed,in this casewe canproceedsimply
asfollows: we sety)(z) = 1, thususingtheoriginal speedlistribution f- (v) whenselectinga new
speedvalueat the transitionfrom pauseto move, which is kept constanduring the move phase.
From (25) (left equation)we obsene that, with this choice,we obtaina constantdensityin the
move phaseover the whole area.We canactuallychoosean arbitraryvaluen < min, p(z) to be

theresultingprobability of beingin themove phaseatary point,andthenuse(25) (right equation)

to computethetransitionrate \(x) thatproduceghe desiredoveralllocal density:

This techniqueallows to achiese an arbitrary nodedensitydistribution in a very simple manney

however no controlonindividual profiles7(z) ands(z) is possible.

7 Transient analysis

In this sectionwe presentan analyticalsolutionfor the transientregime of the RD model. We
startconsideringthe caseof wrap aroundboundaryconditions. As we will seeatthe endof this
section the transientanalysisof the RD modelwith reflectioncomesfor free oncewe know how
to solve the RD modelwith wrap around As usual,we first considerthe unidimensionakase
with exponentialphaseimes. Thenwe extendthe analysisto the caseof generalphasdimes,and

finally to themultidimensionatase.
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7.1 Unidimensional casewith exponentialphasetimes

We applythe methodologyof separatiorof variablesto find solutionsfor the systemof equations
(3) and(4), in caseof wrap aroundboundaryconditions. Considemproduct-formcandidatesolu-
tions: n(z,v,t) = 7(t)a(x)B(v) ands(z, t) = 7(t)a(x); It turnsout (seeAppendixC for details)
that the following elementaryfunctions are solution of the RD equationssatisfyingthe wrap-

aroundboundaryconditions:

)\,UfV (v)ej%fzkxevt
U, 1 , 26
D = )t + 2k ) (29)
K i2m fakz Ayt
t) = ———ef2rfekugy 27
se(ot) = e @7)
wheref, = 1/(z, — x;), k € Z and~ is asolutionof thefollwing equation:
AL / fv(v)
dv=1 28
Aty )y ity +2mkfo (28)

Whenk = 0, (28) admitsthe solutiony; = 0, correspondingo the steady-statelistribution
of the systemalreadyfoundin Section5. Thereis alsothe solutiony, = —(A + u), which has
a differentphysicalinterpretation:it is the rateat which the systemcorvergesto the steadystate
distribution from the conditionin which the probability of beingin the move or pausephasesare
uniform over spacebut notin equilibrium.

For k # 0, the existenceof real solutionsfor v canbe guaranteedvhenthe probability den-

sity function of nodes’speedis symmetric,i.e. fy(v) = fy(—v). In this case,theimaginary

componentf [, LU dv is null.

For example,in casefy (v) is uniformin theinterval |-V, V] equation(28) reducesgo:

At arctan (27rkwa> =1
A +7y)2nkf,V pty )

from which v canbe easily obtainednumerically In general,it canbe shovn thaty hastwo
negative solutionsy; and-~, for everyk (y» < v < 0).
Moreover, letting it (2, t) = [ n(z, v, t) dv, we obtainthe elementarysolutionvector:
(ﬁk (z, t)) _ <)\ + ’Y) pi2m foka gt (29)
Sk (.’L‘, t) K
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Recallingthatfor every valueof k£ thereexist two solutionsof ~, it turnsout thatarny solutionof
(3) and(4) in which theinitial distribution profilesin the move and pausephasesre continuous
with respectto the spacecoordinate(i.e..€ C°([x,,z;])) canbe expandedn seriesof the above
elementaryectors®.

Theprocedurdo computethe systemstateat anarbitrarytime instantt canbe summarizednto

thefollowing steps:

1. Computethevaluesof v, (k) andvy:(k) associatedo every elementaryector

2. Computethe Fourier seriesexpansionof theinitial distribution of mobiles’in termsof ele-

mentaryvectorsevaluatedattimet = 0.

3. Multiply eachcoeficient of the (possiblytruncated)seriesexpansionby the exponential

decayfactorof the correspondingolutionvector(eithere 1%t or ¢=72(k)t),

4. Reconstructhedistribution of mobiles’usingthe new valuesof coeficientsattime¢.

Of course stepsl and2 hasto beperformedonly once notfor ary ¢t. As expectedastimetends
to infinity all ‘propagationmodes’ay(z), with k # 0, tendto vanishexponentially leaving only
theuniformdistribution associatedo & = 0 (y; = 0). We remarkthatthe durationof thetransient

is essentiallydeterminedy the periodiccomponentvith the minimumabsolutevalueof ~;.

7.2 General phasetimesdistrib utions

We have not tried to solve exactly the transientanalysisof the systemin casethe move and/or
pausdimeshave generalnon-eponential)istributions.However, anapproximatenalysiscanbe
performedusinga stagedecompositiorapproachThis meanghata separatalifferentialequation
hasto be written for eachstageof the decompositionFor example,considerthe casein whichthe

movetimeis describedy anhyperexponentialdistribution of the secondorder:

Hy(t) = pruse ™" + poprge ™2t

This simple2-stageapproximatiorallows to matchthefirst two momentsanary distribution hav-

ing acoeficientof variationlargerthanone.Letn; (x, v, t) andns(z, v, t) bethepdf over (z, v) of

4Thisis dueto thefactthatFouriersystenrepresentacompleteorthogonabystemin theclassof squaresummable

functionswhich comprisefunctionsin C°([z.,, z;]).
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themobilein move stagesl and2, respectiely, attime ¢t. Thetransientoehaior is thendescribed

by thefollowing systemof differentialequations

% = —v% + Apifvs —
Oy = w92 4 gy fys — pony (30)
% — —)\s+u1fn1dv+,u2fn2dv

which canbe solvedin a way analogoudo the exponentialcase.In this casethe equatiornrelating

ytonis

v v A+
P1ih1 7fv() dv + pa o 7‘)(‘/() dv:—7

p1+y+nv po+y+nv A

Similarly, we cananalyzethe casein whichthe pausdimeis describedy anhyperexponential

distribution of the secondbrder, obtainingthe setof equations

%—? = —v%—?+/\1fvs1+/\zfvsz—un
% = —Asi+pipfndo (31)
% = —A259 +p2ufndv

In this casethe equatiorrelatingy to n becomes

( DA n DPaAs ) fV(U) dv = 1

M+ Aty o WY+ N

Instead,in the casein which move time is describedoy an Erlang distribution of the second

order(the sumof two exponentialdistributionswith ratey; andpus), we obtain:

8n1 on

o = —U—tl"‘)\plfvs—lhnl
% = —v% + pny — pia Mo (32)
% = —As+po [nydv

In this casethe equatiorrelatingy to 7 is

Nhuz/ fv(v) dv = —)\+7
(1 +y+nv) (2 +y+nv) A
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From the examplesabove it is clearthat one canwrite a setof equationsfor a genericstage
decompositiorf themove and/orpausdime,andobtainanimplicit equatiorof y for eachfeasible
valueof n. We remarkthatto analyzethe transientit is not necessaryo solve the entire setof
differentialequationsjust to derive (numerically)the propervalueof - for eachvalueof 5, and
applythe sameproceduredescribedat the endof Section7.1. Thus,usinga stagedecomposition
approachthe analysisof the transientbehaior of the systemin the generalcasehasthe same

computationallycompleity asthe exponentialcase.

7.3 The multidimensional case

Thetransientinalysiscanbeextendedalsoto themultidimensionatase . Sincethemostinteresting
applicationsof mobility modelsariseon the bi-dimensionakpaceherewe describenorein detalil
thetransientanalysisin the 2D case restrictingoursehesto the caseof exponentialsojourntimes
in the move and pausestates. We assumehat mobilesare free to move in the rectangulamarea
[Ty, 1] X [yu, yi], andchoosehe speecdcomponentsalongz andy from anarbitrarybidimensional
distribution fy,. Similarly to the mono-dimensionatase we applythe methodologyof separation

of variables]ooking for solutionsof equationg7) and(8) in theform

n(xa Y; Vgy Uy, t) = 7_(t)O‘X (x)O‘Y(y)BX('Um’ vy)

s(x,y,t) = T(t)?”X(.TJ)T'y(y)

with ax (z) = /2™ anday (y) = e/2™%¥, with (k,, k,) € R2.

Pluggingtheseexpressionsnto (7) and(8) we have %ﬂ = ~7(t), while boundaryconditions

of thewraparoundmodelimply thatthe only feasiblesolutionsfor ax (z) anday (y) areobtained
for (k., k,) € Z2. Now we have thatexponentsy associatedo eachpair (k,, k,) € Z?, have to

satisfytheequation

A // fV(Umvvy)
dv, dv, = 1 33
AN+ J) nt Ayt 2wl fove + kyfyvy) © T Y (33)

The procedurdo evaluatethe systemstateat a generictime instantt follows the samestepsde-
scribedin Section7.1, exceptthatnow we needto performa bi-dimensionalFourier) expansion

of theinitial distribution of mobilesin the move andpausephase®vertherectangularegion.
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7.4 Extensionto reflectionboundary conditions

The transientanalysisof the RD modelwith reflectioncanbe easilyreconductedo the analysis

of the RD modelwith wrap around Herewe provide anintuitive explanationof how this canbe

A B
a «— <«—b
a'——> ——>b
a «— (——b 4—‘_3 c
a'——> —>b —>c
4

Figurel: Reductionof RD modelwith reflectionto RD modelwith wrap around

done.A formal proofis reportedn AppendixD. Consideffirst thesimplecasein whichtheinitial

distribution of mobilesin themove andpausephasesresymmetric(top of Figurel). In thiscase,
thesolutionof theRD modelwith reflectionis exactly the sameasthatof the RD modelwith wrap
around Indeed,the flows of mobileshitting the boundariesarethe same,a = b’, andsincein

thewrap aroundb’ = a’ we havea = a’ (similarly, b = b’), which meanghatthe dynamicsare
thesameasin thereflectionmodel.If theinitial conditionsarenot symmetric we doublethearea
addinga specularimage’ of theinitial domainto theright (or to theleft), asshavn in the bottom
partof Figurel. Doingso,we obtainascenarian whichtheinitial conditionsaresymmetric thus
a = ¢’ = a'. Moreover, by constructiorwe have b = b’. Thereforethe dynamicsof the wrap

aroundmodelin theextendedarea'contain’ thoseof thereflectionmodelin therestrictedarea.

8 Validation and applications

In this Sectionwe validate our analysisof the RD model comparinganalytical predictionwith
simulationresultsobtainedrom anevent-drivensimulator At thesametime we offer examplesof

possibleapplicationsof our methodology

8.1 Generalizedmobility model.

Supposehatwe wantto achieve agivennon-uniformstationarydistribution of mobiles’onthe2D

plane. In particulay considera metropolitanareadividedinto 3 concentricrings Ry, Rs, Rz in a
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Figure 2: Regions of the Figure3: Distribution of mobilesmeasurean simulation

metropolitanarea after5 hours,resultingfrom the generalizedRD model

squareareaof edge20 kilometers,asdepictedn Figure?2.

The outerregion is denotedby R,. Let's assumehe populationdensityis maximumin Ry,
equalto p;, whereaghe densityin region R;, (: > 1), iS p; = p1/i. We candesigna generalized
RD modelwhosestationarydistribution of mobiles’locationfollows exactly this distribution. As-
suminganequalfractionof usersn the move andpausestateg A = 1), we have to setthe scaling
factorof speedvelocity ¢ (x,y) = i,V(z,y) € R;.

Figure 3 containsthe resultsof a simulationin which 8 million mobilesmove accordingto the
generalizednobility modelspecifiedabove. Irrespectve of their initial position, distributionsof
move/pauséimes,distribution of speedthey tendto thedesirechon-uniformdensity In particular
theplotin Figure3 reportsthetotal numberof userameasuredh simulationin eachsquareof edge
100mafter5 hoursof simulatedtime, assuminga basespeeduniformly distributedin [-10 km/h,

10km/h]in eachdirection.

8.2 Transientanalysisin 2D.

We now presentan exampleof transientanalysison the 2D plane. We assumeéhat mobilesare
initially uniformly distributedwithin a circle of radius2 in the middle of squareareaof edge20.
Move and pausetimes are exponentiallydistributedwith meanl. The speeddistribution fy,(v)
hasa circularsymmetry;the speednodulusis uniformly distributedin [0,1].

This scenariccouldrepresenhow the centerof a city emptiesattheendof aworking day.
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Figure4: Parametery; for all combinationsof Figure5: Representationf the initial distribu-

(kzy ky), 1 < kg, kyy < 30. tion of mobiles’locationlimiting theFourierse-

riesexpansiorto 128 x 128 terms.

We follow the stepsto performthe transientanalysisof the systemasdescribedn Section7.
First, we computeparametersy (k,, k,) andy:(k,, k,) associatedo eachelementaryector(see
Section7.3). Figure4 depictsparametery; for all combinationf the first 30 positive valuesof

k. andk, asacontinuoussurface(for abetterrepresentation)Notethat

’Yl(kwa ky) :'Yl(_kwa ky) :71(kwa _ky) :'Yl(_kwa _ky)

thuspositive valuesof &, andk, provide all information. We obsenre that~,, which is a negative
number decreasesapidly for increasingk, or k,. In practice,the durationof the transientis
determinedoy the smallestabsolutevaluesof v;. This suggestshatthereis no needto keeptoo
mary termsof the Fourier seriesexpansionof the initial distributions: solutionscorrespondingo
large k, or k, decayvery fastover time andthereforedo not provide a significantcontrikution to
the overall solutionexceptin thevery beginningof thetransient.

Next we computethe elementarywectorexpansionof theinitial distribution of mobiles’location
(abi-dimensionaFourierseriesexpansion) truncatingthe seriesto 128 x 128 coeficientsk, and
k,. Thisis enoughto producea satishctoryrepresentatioof theinitial distribution sincethevery
beginning(i.e. ¢t = 0), asillustratedin Figure5.

Now, supposéhatwe wantto computethe distribution of mobilesat an arbitrarytime instant
t > 0. It is sufficient to reconstructhe distribution from the elementaryectorsseriesexpan-

sion, having multiplied eachterm of the seriesby the correspondindactor (eithere=7*=:k)t or
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Figure6: Distribution of mobilesaccordingto Figure 7: Distribution of mobilesaccordingto

analysisattimet = 10. simulationattimet = 10.

e—12(k=ky)t) - For example,Figures6 and 7 reportthe distribution of mobilesattime ¢ = 10, ac-
cordingto analysisandsimulation,respectrely. The mobiles’ distribution hasbeenobtainedin
simulationconsideringl0 million nodesandcountinghow mary of themarepresenatt = 10 in
eachsquareof a100 x 100 grid. Notethatwe have usedsucha large numberof nodesto obtain
a cleandistribution on the chosengrid after a single simulationrun. We could have considereda
smallernumberof nodes(or evena singlenode),but in this caseit would have beennecessaryo
averagetheresultsof mary independensimulationruns.

Recallthatwe canregardthe analyticalpredictionasthe probability of finding a singlemobile
at a given point of the planeafter time ¢, startingfrom an initial pdf of its locationat¢ = 0.
Actually, this point of view opensa wide rangeof possibleapplicationsof our analysis. For
example,one could studythe persistencef a wirelessconnectionbetweena mobile anda base
station,anduseour probabilisticanalysisto designbetterhand-of stratejies. Anotherapplication
is the computationof meetingor hitting timesamongnodesstartingfrom givenlocationsin the
space,which is instrumentalin the designof mobility-assistedouting schemed15]. Another
interestingapplicationis the analysisof link durationandavailability in mobile ad-hocnetworks,

aproblemthatis receving increasingattentionin thelastfew years[14, 16, 17, 18].
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8.3 Impact of parameterson the transient duration.

We now turnto the 1D caseandstudythe impactof variousparameter®f the randomdirection
modelon the durationof the transient. As alreadyobsened, the time constantof the systemis
essentiallygivenby the smallestabsolutevalueof v4, i.e. theoneassociateavith thefundamental
modek = 1. Thus,we look now at how 7(1) dependson the systemparameters.We fix the
region wheremobilesmove to theinterval [-10,10]. First, we considerthe impactof move/pause
dynamics,while keepingthe speeduniformly distributedin [-1,1]. Figure8 reportsthe value of
v1(1) asafunction of the averagedurationof move time, for differentratiosbetweenpauseand
move times. Both of themareassumedo be exponentiallydistributed.

We obserne that, for a given pause/mue ratio, v; (1) becomesnore negative (which impliesa
shortertransient)for increasingdurationof the move time, becausenobilesspreadfasterif they
keepthe samedirection and speedfor prolongedperiod of time. For a given value of average
move time, the absolutevalueof v, (1) decreaseévhich impliesalongertransient)or increasing

persistencén the pausestate.

Y1)
o
I3

pause/move = 4-
pause/move = 2---g---
-0.07F pause/move -
pause/move = =
pause/move = 1/4 ——e—

0 05 1 15 2 25 3
Average duration of move phase

Figure8: Thedependencef (1) on move/pausalynamics.

Next, wefix theaveragedurationof themove andpausdimesequalto 1, andvarythemaximum
speed/ of mobiles,whichis assumedo be uniformly distributedin [V, V]. Figure9 reportsthe
valueof v, (1) asafunctionof V for differentvaluesof thevariationcoeficient C,, of movetime,
whosedistributionis assumedo be hyperexponentialof thesecondrder Pauseimesareinstead
exponentiallydistributed,i.e. Cog = 1.

While the effect of speeddistribution is moreintuitive, i.e. (1) becomesnore negative for
increasing/ (shortertransient)thedependengonthevariationcoeficientC,, is quiteintriguing,

with multiple intersectionamongcurvescorrespondingo C,,, = 1, 2, 8. Thereforewe decidedo
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Figure10: Distribution of mobilesfor C,,, = 1. Figurel1l: Distribution of mobilesfor C,,, = 2.
Comparisorbetweeranalysisandsimulationat Comparisorbetweeranalysisandsimulationat
differenttime instants. differenttime instants.

checkonsimulationthis peculiarbehaior. In particular we consideithecaseof V' = 1. According
to Figure9 thefastestransienshouldbefor C,,, = 2, whereag’,, = 8 shouldproducetheslower

transientWe take asinitial distribution of mobiles’positiona gaussiamlistribution with avariance
of 1, centeredn theorigin. Figuresl10, 11, 12, reports,respectiely, the distributionsmobilesfor

Con = 1,2, 8 sampledevery 10 time units.

Analytical predictionsmatchperfectlywith simulationresultsin all casesandconfirmtheim-
pactof the variation coeficient: the curvesreferringto C,, = 2 flatten more rapidly thanthe
curnvesfor C,, = 1, whichin turnflattenmorerapidly thanthe curvesfor C,, = 8.

Finally, Figure13reportsthe valuesof v; (k) upto & = 1000 for the threeconsidered/aluesof

Con. Themostsignificantvaluesof +; (k) in determiningthe durationof thetransientareshovn in

26



40000

simulation G, = 8 A
analysis =8 01k e

02 F

35000 -

30000 -
-03 ¢

25000 o4t

20000 -

15000 06 ¢

Numberoof mobiles

07¢E
10000 |-
-0.8 ¢

L C
5000 Yy &

1 10 100 1000

Figure12: Distribution of mobilesfor C,,, = 8. Figure13: Valuesof (k) for differentvaria-
Comparisorbetweeranalysisandsimulationat tion coeficients.

differenttime instants.

theinsetof Figurel13.

8.4 Transient analysiswith reflection

For theRD modelwith reflectionboundaryconditions we presenanexampleof transien@analysis
carriedout adoptingthe proceduredescribedn Sect.7.4. We consideranasymmetridnitial con-
dition in which the nodedensityhasthe shapeof a triangle, put againstthe right boundaryof the
sggment[—10, 0]. In Figure 14 we comparethe nodedensitydistribution obtainedin simulation
andanalysis;sampledatt = 0, 4, 10, 30, 60. The durationof move andpausetimesareassumed
to be exponentiallydistributed with mean1, andthe speedis chosenuniformly in [—1,1]. As

expecteda perfectmatchbetweeranalyticalpredictionandsimulationresultscanbe obsened.

16000

simulation
analysis - 0

14000 (-

12000 (-

10000 (-
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Figure14: Distributionsof mobilesaccordingto analysisandsimulationin a scenariowith reflec-

tion boundarycondition,at varioustime instants

27



9 Conclusions

Sofarin theliterature, thetheoreticainvestigationof randomdirectionandrandomwaypointmo-
bility modelshasmainly focusedon the analysisof the steadystatedistributions. The approach
proposedn this paperpermitsto extendstheanalysigdo thetransienregime. We have startedrom
the obsenationthat Chapman-kKlmogoros equationsiescribingthe dynamicsof a singlemobile
canbe usedto describethe dynamicsof large populationof users. We have obtainedChapman-
Kolmogoros equationsof a mobile moving accordingto either RD or RWP model. Thenwe
have appliedstandardnathematicatechniquego analytically solve the equationgor RD models
in both steadystateandtransientregime, eitherwith wrap aroundor reflectionboundarycondi-
tions. We have derived simpleexpressionsgelatingthetransientdurationto the modelparameters;
morewer, we have proposedgeneralizedRD modelsto achieve a desiredstationarydistribution
of mobilesin the space,a problemthat hasreceved so far little attention. So far, we have not
foundananalogousnalyticalsolutionfor the equation®f the RWP model. We suspecthanmore
sophisticatesnathematicatechniquesreneededn this caseto solve the Chapman-iKIimogoros
equations.Neverthelesspur formulationof the RWP allows oneto computethe transientbeha-
ior alsofor this modelusingnumericalmethodge.g. finite elements).Our dynamicalviewpoint

indeedopensmary new directionsin thetheoryandpracticeof randommobility models.

References

[1] T.Camp,J.BolengandV. Davies.“A Surwy of Mobility Modelsfor Ad Hoc Network Research”,
WCMC: Specialissueon Mobile Ad Hoc Networking:Reseath, Trends,and Applications 2(5):483—
502,2002.

[2] D.B.JohnsonandD.A. Maltz. "Dynamic SourceRoutingin Ad Hoc WirelessNetworks, Mobile
Computing Chapters, pp. 153-181 Kluwer AcademicPublishers1996.

[3] J.Broch,D.A. Maltz, D.B. Johnsony.-C.Hu andJ.Jetchea, “A performanceomparisorof multi-
hop wirelessad hoc network routing protocols, in Proc. ACM MobiCom’98, pp. 85-97,Dallas,
Texas,Oct. 1998.

[4] C.Bettstetter“Mobility modelingin wirelessnetworks: Catayorization,smoothmovement,andbor
dereffects”, ACM Mobile Computingand Communication®eview, 5(6), pp.55-66,July 2001.

[5] J.-Y.Le BoudecandM. Vojnovic, “PerfectSimulationandStationarityof a Classof Mobility Models;
in Proc. IEEE Infocom’05, Miami, FL, March2005.

28



[6] P.Nain,D. Towsley, B. Liu andZ. Liu, “Propertiesof RandomDirectionModels; in Proc. IEEE Info-
com’05, Miami, FL, March2005.

[7] J.Yoon, M. Liu and B. Noble,“Soundmobility models”,in Proc. MobiCom’03, pp. 205-216,San
Diego, CA, SeptembeR003.

[8] W.Navidi andT.Camp,“Sationarydistributionsfor the RandomWaypointModel”, IEEE Trans.on
Mobile Computing 3(1),2004.

[9] C.BettstetterG.RestaandP. Santi,“The NodeDistribution of the RandomWaypointMobility Model
for WirelessAd Hoc Networks; IEEE Transaction®nMobile ComputingVol. 2, No. 3, pp.257-269,
July-Sep2003.

[10] E.Hyytia, P.Lassila,J.Virtamo,“SpatialNodeDistribution of the RandomWaypointMobility Model
with Applications”,|IEEE Transactionson Mobile Computing Vol. 5, No. 6, pp. 680—694 June2006.

[11] M. McGuire,"Stationandistributionsof randomwalk mobility modelsfor wirelessadhocnetworks?
in Proc. ACM MobiHoc'05, Urbana-Champaignl., May 2005.

[12] J.Yoon,M. Liu andB. Noble,“RandomWaypointConsideredHarmful; in Proc.|EEE Infocom2003
SanFrancisoCA, April 2003.

[13] S.Meyn, R.Tweedie Markov ChainsandStochasticStability, SpringefVerlag,New York, 1994.

[14] G. Carofiglio,C.-F. ChiasseriniM. Garetto E. Leonardi,“Analysisof RouteStability underthe Ran-
domDirectionMobility Model”, MAMAWorkshop2006 Saint-Malo(France) June2006.

[15] T.SpyropoulosK. PsounisC.S.Raghaendra,'PerformanceAnalysisof Mobility-assistedrouting),
ACM MobiHoc’06, Florence Jtaly, pp.49-60,May 2006.

[16] S.Jiang,“An enhancedrediction-basedink availability estimationfor MANETS,” IEEE Trans.on
Communicationsvol. 52,n0. 2, pp. 183-186Feh 2004.

[17] F. Bai, N. SadagopamandB. KrishnamachariandA. Helmy, “Modeling Path DurationDistributions
in MANETSs andtheir Impacton Reactve Routing Protocols, IEEE JSAC, Vol. 22,No.7, pp.1357—-
1373,Sept2004.

[18] Y. Han,R.J.La, andH. Zhang,“Path Selectionin Mobile Ad-hoc NetworksandDistribution of Path
Duration; IEEE INFOCOM2006,BarcelonaSpain,Apr. 2006.

[19] J.-Y.Le BoudecandM. Vojnavic, “The randomtrip model: stability, stationaryregime, and perfect
simulation;, IEEE/ACM Trans.on Networking Decembef006.

A Uniquenessof solution

Herewe prove thatthe problemdefinedby equationg3), (4) with boundaryandinitial conditions
specifiedn section2.1 admitsat mostonesolutionin boththewrap-amundand reflectioncases.

Firstwe introducethe following two lemmaswhich will be usedto prove our mainresult.
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Lemmal Supposdor simplicity that fi-(v) is uniformly distributedbetween—1/2,1/2]. Then

thefunctional

= g//nz(x,v,t)dxdv—i-%/s(m,t)zdac

is a non-inceasingfunctionof time, for anypair of functionsn(z, v, t), s(x, t) which are solutions
of (3) and(4), respectively

Proof: First,wedefine:

\|s<x,t>|\2=/ xtdx_// (2, £)1(v) dv da
@2 = / £2(0) dv =

Is@iflP = [[ 2@ -
(e 0) PlLfu) 2 = (a0 P

Now let usevaluate:

dlSTit): % [g//n(x,v,tfdxdv—i-%/S(x,t)de} =

—u// n(z,wv, xvt)dxdv—i—k/s(x,t)@dx:

// n(@,,1) [ 8” M@, 0Y) |\ b ()s(e )—/m(x,v,t)]dxdv—i-
—I—)\//s(xt [ As(z,t) + p (x,v,t)dvdx] dz =

= —u//v% dz dv + )\u/ fv()s(z)n(z,v,t) dvdz —

—,u// xvtdv+u)\// xvtdvdx—)\2/ (2, t)dx <

< =2l (@, v, )l + 22plls(@)]] [In(z, v, 1)[| = A?||s(2)[|* < 0
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In casein which fi-(v) is not uniform the previous resultcanbe extendedredefiningthe function

L(t). n

Lemma2 Let fy (v) bearegular pdfwhoseassociateddfis Fy (v). Havingdefinedm(z, v, t) =

n(z,v,t)/fv(v) for anye > 0 thefunctional

//va >€x”t dzdFy(v) + )\/ (z,t) dz

is notincreasing

Proof: this statementanbe provedrepeatinghe passagesf previousproof. [

Fromthemonotonicityof functional L(¢) we caneasilyshav thatsolutionsof equationg3) and
(4) areunique.

Proof: By contradiction supposehattwo differentpairsof functionsn, (z, v, t) , s;(x,t) and
na(z,v,t), s2(x, t) aresolutionsof the equationg3) and (4) with the sameinitial andboundary
conditionsithenby linearity of theequationg3) and(4), ni (z, v, t) — na(x, v, t) ands; (z, t) — so(z, )
aresolutionsof theequationg3) and(4) with null initial conditionsj.e.,n; (z,v,0) — na(x,v,0) =0
and s;(z,0) — s2(z,0) = 0. As a consequencesinceL(t) > 0 (by definition), L(0) = 0, and
L(t) is notincreasing,it resultsL(t) = 0,Vt¢. Thereforeit mustbe ny(z,v,t) — na(z,v,t) =0

ands;(z,t) — sa2(x,t) = 0;i.e.,n1(z,v,t) = na(x,v,t) ands (z, t) = so(z, ). [

B GeneralizedRD modelwith non uniform stationary solution

The steady-statequationgor the generalizedRD modelare:

(z, On(z,Cy) _  On(z,(y)

ox B dy +
+8(9) fu (0) 0 (@) / M(2)s(z, 2) dz — u(y)n(z, ¢, v) (34)
8(6 )——)\1( YA (2)s(z, z) + 0(z // n(z,(,y)dvdy (35)
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Consideringproduct-formcandidatesolutionsof thetypen(z, ¢, y) = m(z, {)k(y) and

s(z, z) = p(z)h(z) with [;° h(z)dz = [, k(y)dy = 1, anddefining:

Male) = Mo [l s = g
fet = /mu@ﬂmnﬁw=gﬁ%aa
it resultsthatm(z, ¢), p(z) mustsatisfy:
W@ EIMLE) — ren(a) i (0)p(x) — (. O (36)
Aett () p(2) = et / m(z, ) dv (37)

while k(y) andh(z) satisfyequationssimilarto (21) and(22), respectiely.

Substitutingthe expressiorof p(z) obtainedfrom (37)into (36), yields:

A (z, ()m(z, ()]
ox

— (O / m(z,¢)d¢ — pm(z, ¢) (38)

Now, consideringoroduct-formcandidatesolutions,.e., solutionsof theform m(z, ¢) = (x)5((),

with [ 3(¢)d¢ = 1, it results:

Oy (x)l(x)]

BO==;

= pl(@)[fv(C) — B(Q)] (39)
andwe candecouplehe previousequationinto two ordinarydifferentialequations:

fv (<)
B(C)

d[y(2)l(2)]

i =Cul(x) c¢ =

-1

from which it resultss(¢) = [évg(ﬂ] Sincef(¢) > 0 and [ 3(¢)d¢ = 1, it resultsC’ = 0; hence,

B(C) = fv(¢) andi(z) = ;¢ for somea suchthat [ I(z) dz = 1.
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In conclusionwe canobtainary assignegrofiles7(z) and3(z) of themobiles’densityin the

move andpausephasestespectiely, by setting

C Unidimensionaltransient analysiswith exponentialphasetimes

Considemproduct-formcandidatesolutions:n(x, v, t) = 7(t)m(z,v) ands(z, t) = 7(t)r(z); sub-

stitutinginto (3) and(4), we obtain:

T ) = v AR @) e )
dgit)r(x) _ —)\r(x)T(t)+MT(t)/m(x>'U)d'U

From which we canseparatehe dependeng on time from the dependeng on spaceandspeed,

yielding:
dr(t)
o =@ (40)
WD )r(e) — (+ y)m(av) @1)
r(r) = ﬁ/m(x,v) dv (42)

Now substitutingthe expressiorof r(z) providedby (42) into (41) we have:

om(z,v)
Ox

v = fy(v) Au /m(x,v)dv — (4 y)m(z,v)

Aty
For m(z, v), we consideragainproduct-formcandidatesolutionsm(z, v) = a(z)3(v), obtaining:

Ap
A+

v B 2 _ p ) 2 @) / B(v) dv — (i +7)alx)B(v)
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in whichwe canseparateéhe functionswhich dependon z from the functionswhich dependon v:

1)~ o) (43)
B(v) _ Al
TBwaw = YOy (44)

Functionsa(z) = €™, wheren is ary complex number aresolutionsof (43). Insteadfrom (44),

since fﬂfg’))dw dv = 1, we obtaina fundamentatelationbetweeny and»:
A
o AC R (45)
Aty Jo+y+nu
Wraparoundboundaryconditionsrequirethata (z;) = a(x,), lim, .+ 252 = lim, - 252,

This constraints satisfiedvhena(z) is periodicwith periodl/ f, = z, — z;. It followsthatwrap
aroundboundaryconditionsare satisfiedwhenn = j2x f,k, with k € Z. Notice that solutions
ay(z) = ef?™f=k= correspondo the standard-ourier basisfor theinterval [z, z;], whichis dense
in C%([z., 7;]), the classof continuousunctionsdefinedover [z,,, z;].

For ary givenk € Z, (45) providesanimplicit equationthatdefinesexponenty(k):

ALt / fv(v)
dv=1 46
Aty )yt oyt 2mkfo (46)

D Transient analysisof RD modelwith reflection

Herewe prove that the transientanalysisof the RD modelwith reflectioncanbe reducedto the
analysisof theRD modelwith wrap around asexplainedin Section7.4. We assumehatthespeed

distributionis symmetric,j.e., fy(v) = fv(—v). Theproofis articulatedn four steps.

Stepl Considerthe unidimensionaRD modelwith wrap around Withoutlossof generality let
the domainbe the interval [z; = —1, 2, = 1]. If n(x,v,t) ands(z,t) arethe solution of
(3) and(4) correspondingo theinitial conditionsn,(z,v) ands,(z), thenn(—z, —v, t) and

s(—z,t) arethe solutionof (3) and(4) correspondingdo theinitial conditionsn,(—z, —v)
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ands,(—z). This propertycanbe easilychecled directly on equationg3) and(4) through

the changeof variables(z, v) — (—z, —v).

Step2 As aconsequencef previous stepthefollowing propertyfollows: if theinitial condition
is symmetrical,i.e., n,(x,v) = n.(—z, —v), s,(x) = s,(—z), thenthe solutionn(z, v, t),

s(z,t) is symmetricafor all ¢, i.e.,n(z, v, t) = n(—z, —v, t) ands(z, t) = s(—x,1).

step3 For ary symmetricalnitial conditionn,(z,v) = n,(—z, —v) ands,(z) = s,(—z), theRD
modelswith wrap aroundandreflectionadmitthe samesolution. Indeed,the wrap around
solution must satisfy the boundaryconditionsn(1,v,t) = n(—1,v,t). This, combined
with the invarianceunderthe transformation(z,v) — (—z, —v), impliesthatn(1,v,t) =
n(1, —v,t), andsimilarly n(—1, v, t) = n(—1, —uv, t), thusthewrap aroundsolutionsatisfies
alsothe reflectionboundaryconditionsandthereforeprovidesa solutionfor the reflection
model. Finally, from the uniqguenessf the solutionof the RD model,no othersolutionfor

thereflectionmodelexists.

Step4 Now, without lossof generality considera reflectionmodelover the domain|[0, 1], under
an arbitraryinitial conditionn,(z,v) ands,(z,t). We comparethe solutionof this model
with that of a wrap aroundmodelover the extendeddomain[—1, 1], underthe initial con-
dition n,(x, v) + n,(—z, —v) ands,(z) + s,(—z): we claim thatthe restrictionof the lat-
ter model (with wrap around)over the domain[0, 1] providesthe solutionof the reflection
model over the samedomain. Indeedconsidern(z,v,t) and s(z,t), the solution of the
wrap around modelover [—1,1]. Obsere that, by construction,the initial conditionsof
this wrap aroundmodelare symmetric. Sincen(z, v,t) ands(z, t) areinvariantunderthe
transformation(z, v) — (—z, —v), wehaven(1l,v,t) = n(-1,v,t) = n(1, —v, t), therefore
the solution satisfiesthe reflectionconditionat boundaryz = 1. Moreover, by construc-
tion n(0,v,t) = n(0,—wv,t), thusthe reflectionboundaryconditionsare satisfiedalso at
z = 0. Sincen(z,v,0) = ny(z,v) ands(z,0) = s,(x) overdomain|0, 1], the restriction
of n(z,v,t), s(z,t) over|0, 1] provide the uniquesolutionof the reflectionmodelover the

samedomain,undertheinitial conditionn,(z,v) ands,(z).
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