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Abstract

We analyze the capacity scaling laws of clustered ad hoc networks comprising significant inhomo-
geneities in the node spatial distribution over the area. In particular, we consider the class of networks
in which nodes are distributed according to a doubly stochastic shot-noise Cox process, which allows to
model a wide variety of inhomogeneous topologies. For this class of networks, we derive information
theoretic upper-bounds to the capacity, identifying six operational regions. We provide also constructive
lower bounds, by devising, for each region, an optimal communication strategy to achieve the maximum
network throughput. The performance of our communication schemes match, in terms of scaling exponent,

the theoretical upper-bounds.

I. INTRODUCTION AND RELATED WORK

The capacity of ad hoc wireless networks has been traditionally studied considering single-user
communication schemes over point-to-point links [1]. Only recently [2], [3], [4], [5], information-theoretic
scaling laws of ad hoc networks have been investigated, showing that multi-user cooperative schemes
can achieve much better performance than traditional single-user schemes, especially in the low power

attenuation regime.
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(a) Cluster-dense (b) Cluster-sparse

Fig. 1. Examples of SNCP node distribution: (a) cluster-dense and (b) cluster-sparse network topologies.

In this paper, we analyze the information-theoretic capacity of clustered random networks containing
significant inhomogeneities in the node spatial distribution. The interest in such network topologies is
driven by the fact that they well represent several systems found in the real world. In particular, we
consider nodes distributed according to a doubly stochastic Shot-Noise Cox Process (SNCP) over a square
region whose edge size can scale with the number of nodes. The SNCP model allows us to analyze a very
broad class of network topologies by varying the model parameters, including the uniform distribution
as a special case (hereinafter referred to as homogeneous network).

As the SNCP parameter settings vary, two different regimes can be identified: cluster-dense and
cluster-sparse. In the former, clusters largely overlap and the node density does not exhibit significant
inhomogeneities (in order sense) across the network area. In the latter, clusters are well distinct from
each other and the node density tends to become strongly inhomogeneous as the number of nodes grows.
Examples of the two network regimes are depicted in Fig. 1.

To analyze the network capacity in these two regimes, we follow the stream of work [2], [3], [4], [5].
which relies on the fundamental assumption that all channel gains among the nodes exhibit i.i.d. random

phase shifts with uniform distribution in [0, 27]. This assumption allows to fully exploit the additional
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capacity provided by cooperative communication schemes (such as MIMO or interference alignment).

We emphasize that the i.i.d. uniform phase model, although widely accepted in the field of wireless
communication, may not hold in some operating conditions. Indeed, as shown in [11], [12], the network
capacity is ultimately constrained by the total degrees of freedom in the network, which can be derived
from physical principles by studying basic properties of the radiated field.

In the case of traditional geometries (e.g., planar networks), the study in [13] has shown that, when
the ratio of the diameter of the network area to the carrier wavelength is smaller than /n, the network
capacity is already achieved by traditional multi-hop in the case of homogeneous topologies. This means
that, unless the network area scales more than linearly with the number of nodes (leading to lower and
lower node density), cooperative schemes do not help. We emphasize that in [13] authors consider free-
space propagation, homogeneous networks, and assume that nodes can scale up the transmission power
to compensate for the increasing inter-node distances occurring at low node density. They also argue that
in many realistic scenarios there is a huge range of values of the number of nodes for which the degrees
of freedom limitation is not an issue.

In this paper, we rely on the above practical argument, and we assume the cut-set integral, as defined
in [12], to be large compared to the number of nodes in the network (i.e. the i.i.d. uniform phase model).
In our work, we are interested in studying the limitations to the capacity imposed by the distribution of
nodes in the area, and we think that isolating the impact of the topology is a necessary first step before
considering other factors. However, we do consider the possibility that the network capacity results
constrained by the amount of power available in the nodes, since, in contrast to [13], we do not allow the
transmission power to scale up as the network area expands (more precisely, we assume that the average
power budget of each node is a fixed constant).

The goal of our work is not to show the potential benefit of cooperative communication schemes
with respect to traditional point-to-point schemes, but to study the impact on the capacity of the nodes
topology, at least for a significant class of clustered networks. In particular, for both the cluster-dense and
cluster-sparse regimes, we provide both information-theoretic upper-bounds to the achievable capacity
and constructive lower-bounds, which are asymptotically tight to within a poly-log factor (in the number
of nodes).

With respect to previous work based on the i.i.d. phase model, our findings are as follows. Recall that
in the case of homogeneous networks [2], [3], three communication strategies can be identified, namely,
hierarchical cooperation, multihop, and multihop MIMO hierarchical cooperation, which allow to achieve

the network capacity as the system parameters vary. In the case of cluster-dense topologies, we find that

June 3, 2011 DRAFT



the node density is ‘sufficiently uniform’ to ensure that capacity can be achieved by a simple modification
of the above three strategies.

In the case of cluster-sparse topologies, the picture is more complex. For small path-loss exponents
a (ie., a € (2,3]), similarly to [4], we find that the network capacity does not depend on how nodes
are distributed over the area. For large path-loss exponents (o > 3), instead, the network capacity is
significantly affected by how nodes are distributed over the area, as already observed in [4]. However,
in [4] the characterization of the capacity achievable for large path-loss exponents is limited to the case
of adversarial node placement under a deterministic (given) degree of network regularity. Moreover, the
authors of [4] impose a minimum separation constraint between the nodes, which does not allow the
study of highly dense clusters over the area, and they focus on extended networks only (i.e., networks
whose area grows linearly with the number of nodes'). In our work, instead, we consider generic clustered
network topologies, and we do not make any assumption on the minimum separation between nodes.
In the cluster-sparse regime, we devise different strategies to achieve the network capacity, by properly
combining previous communication schemes. Such combinations are obtained by applying multi-hop
and hierarchical cooperation at different spatial scales, e.g., sub-cluster or super-cluster, requiring us to
develop totally different scheduling/routing strategies with respect to previous work.

In [5], authors show that the classical multi-hop communication strategy is throughput-optimal in
arbitrary networks whose area grows linearly with the number of nodes, under the assumption that the
signal power decays exponentially with the distance. In contrast to [5], we allow arbitrary scaling of the
network area, and we consider the usual propagation model in which that power decays with the distance
d as d~ %, with o > 2.

In summary, our main contributions are as follows. Under the i.i.d. uniform phase model, we give a
complete characterization of the network capacity achievable w.h.p.> for SNCP node placement, which
extends the capacity analysis to a much broader class of network topologies than those studied in
previous work. Our constructive lower bounds employ novel scheduling/routing strategies in combination
to existing cooperative communication schemes. Such strategies represent an important contribution in
themselves, as they could be adopted to cope with the nodes spatial inhomogeneity in more general

topologies that cannot be described by the SNCP model.

'In [3] authors recognized the importance of letting the network area scale with the number of nodes in a general way, as

this gives rise to a richer set of operational regimes.

2 In this paper we adopt the expression ‘with high probability’ (w.h.p.) to indicate events/properties that occur with a probability
p=1-0(3).
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Finally, we mention that this work extends [6], [7], where we have analyzed the capacity of networks
in which nodes are distributed according to an SNCP model, but considering single-user communication
schemes only (i.e., traditional point-to-point links). An early version of this paper can be found in [8].

The rest of the paper is organized as follows. In Section II, we introduce our system assumptions and
notation, describing the network topology, the communication model and the traffic model. In Section III,
we provide a summary of our results. In Sections IV and V, we detail the derivation of the lower and

upper bounds, respectively. Some concluding remarks are reported in Section VI.

II. SYSTEM ASSUMPTIONS AND NOTATION
A. Network Topology

We consider a network composed of a random number N of nodes (being E[N| = n) distributed over
a square region O of edge length L, where L takes units of distance. The network physical extension
L scales with the average number of nodes, since this is expected to occur in many growing systems.
Throughout this work we will assume that L = n”, with v > 0. To avoid border effects, we consider
wrap-around conditions at the network edges (i.e., the network area is assumed to be the surface of a
bi-dimensional Torus).

The clustering behavior typically encountered in realistic, large-scale topologies is taken into account
assuming that nodes are placed according to a shot-noise Cox process (SNCP). An SNCP [9] over an area

O can be conveniently described by the following construction. We first specify a homogeneous Poisson

M
=1

point process of cluster centres, whose positions are denoted by C = {c;} where M is a random
number with average E[M] = m. In the literature the centre points c; are also called parent or mother
points. Each centre point c¢; in turn independently generates a point process of nodes whose intensity at
¢ is given by ¢ s(||£ —¢;]|), where ¢ € (0,00) and s(||£ —¢;]|) is a non-negative, non-increasing, bounded
and continuous function, also called kernel (or shot) whose integral [, s(||€ — ¢;]|) d¢ over the entire
network area is equal to 1.

In practice, we consider

s(|l€ = ¢j]l) oc min(1, [|€ — ¢;|7°) for &> 2, (1)

although our results apply to more general shapes as well.
The overall node process is given by the superposition of the individual processes generated by the

cluster centres. The local intensity at £ € O of the resulting SNCP is

M
(&) => qs(lE—gl).
j=1
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Under the above assumptions on the kernel shape, quantity ¢ equals the average number of nodes
generated by each cluster centre (all cluster centres generate on average the same number of nodes). In
our work, we let ¢ scale with n as well (clusters are expected to grow in size as the number of nodes
increases). This is achieved assuming that the average number of cluster centres scales as m = n", with

€ (0,1). Consequently, the number of nodes per cluster scales as ¢ = n' =",

Notice that ®(&) is a random field, in the sense that, conditionally over the locations of cluster centres
C, the node process is an (inhomogeneous) Poisson point process with intensity function ®. We denote
by X = {XZ}ZA; 1 the collection of all nodes generated in a given realization of the SNCP.

Moreover, let

d, = L//m =n"v/? (2)

be the typical distance between cluster centres. More precisely, d. is the edge of the square where the

expected number of cluster centres falling in it equals 1. We call?

« cluster-dense condition the case v < /2, in which d.. tends to zero an n increases;

o cluster-sparse condition the case v > /2, in which d. tends to infinity an n increases.

Under both conditions, we define the following two quantities: ® = supgc ®(£) and ® = infecp (§),
representing (loosely speaking) the maximum and the minimum node density in the network. Notice that
the above two quantities are random variables depending on the positions C of the cluster centres.

The asymptotic characterization of ® and @ for the class of topologies considered in this work has
been already done in previous work [6] (see Lemma 4 in Appendix D). The basic results are: in the
cluster-dense condition, we have ® = ©(®) = O(n/L?), which means that the network is uniformly
dense in order sense, since ® and & differ at most by a constant factor; instead, in the in cluster-sparse

condition, we have ® = o(®), hence the network contains significant inhomogeneities in the node density.

B. Communication Model

We use the same channel model as in [2], [3], [4]. Consider the generic time ¢, and let 7(¢) be the set

of nodes transmitting at time ¢. The signal received at time ¢ by a node k is

yet) = D ha(®)ai(t) + ()
ieT(t)\{k}
*In this work we do not explicitly consider v = v/2 since it requires a separate analysis. However, it can be shown that

results obtained for the cluster dense regime hold also in this case.
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TABLE 1

SYSTEM PARAMETERS (n.a. = NOT APPLICABLE)

Parameter | Definition Scaling exponent
L edge length of network area v>0

m average number of clusters O<r<l

P per-node power budget 0

«@ path-loss exponent n.a.

1) decay exponent of the kernel n.a.

de typical distance between cluster centres y—v/2

q average number of nodes per cluster 1—v

where z;(t) is the signal emitted by node ¢, and {zy(t)}r are white circularly symmetric Gaussian
noise, independently and identically distributed (i.i.d.) with distribution N¢ (0, Ny) (with zero mean and

variance Ny). The complex baseband-equivalent channel gain h;i[t] between ¢ and k at time ¢ is

hig(t) = di_kaﬂeje“‘(t)

where a > 2 is the path-loss exponent, and {6;1(t)}; » are i.i.d. random phases with uniform distribution
in [0, 27), which are assumed to vary in a stationary ergodic manner over time (fast fading). Moreover,
{0, (t)}ir and {d;;}i are also assumed to be independent, Vi, k. The validity of the assumption on
independence of phases is still an open issue, as discussed in [11], [12], [13].

At last, we impose an average power constraint of P on the transmissions performed by each node,

where P is a constant.

C. Traffic Model

We assume that each node is source and destination of a single flow, and that the resulting /N flows (with
E[N] = n) are established at random without any consideration of node locations. Given a communication
strategy, we denote by A(n) the average rate between source and destination over the traffic flow duration

(hereinafter referred to as per-node throughput).

Table I summarizes the parameters of our model. The scaling exponents reported in the third column
of the table are the base-n logarithms of the corresponding parameters. Note that d. and ¢ are not
native parameters, since they are derived from others, however we have included them in the table for
convenience. To simplify the notation, in the following we will omit the dependence of the variables on

n unless strictly necessary.
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TABLE II

CAPACITY SCALING EXPONENTS AND OPERATIONAL REGIONS, 8 =1 —v — d6(y — v/2)

ec regions | conditions strategy
1 I ay<1 GL
2 —ay II ay>1ANa<3 GL
a-loon I |oy>1Aa>3Ay<iniZ >y N6
v+ B2 \Y% ay>1IAa>3Ay>2AB>0Ay+B2=1 >2—ay+ (a—3)% sC
v+ gt VI ay>1Aa>3AB<0Ay+ B2 >2—ay+ (a—3)% MH
2—ay+(a—-3)% v elsewhere IC

III. MAIN RESULTS

Similarly to previous work [2], [3], we express our results in terms of the scaling exponent e of the
network capacity C(n) = n\(n), defined as,

ec = lim log, C(n)

n—o0
The scaling exponent* allows to ignore factors scaling with o(n¢),Ve > 0. Since the lower and upper
bounds on the system capacity that we derive in Sections IV and V are within o(n€), Ve > 0, the
corresponding scaling exponents match, and we can claim that our characterization of the network capacity
in terms of the scaling exponent is exact.

In the case of cluster-dense network topologies, we obtain for e the same results derived in [3]
for homogeneous networks. Indeed, in this case the node density can be considered, in order sense, as
uniform over the network area.

In the cluster-sparseregime, we obtain an upper bound to the network capacity by extending the results
in [3], [4] and taking into account the variability of the node density over the network area. The basic
idea underlying the computation of the upper bound is to evaluate the overall power transfer through a
cut dividing the network area in two halves, and to relate such power transfer to the maximum possible
information flow among the nodes.

In particular, under the SNCP model, we identify six operational regions, denoted by Latin numbers (I,
IL,..., VI), as in Table II. In each of these regions, we find that the dominant contribution to the network
capacity is due to transmissions between nodes separated by distance:

e O(L), in regions I and II;

o jointly w(d.v/Iogn) and o(L), in region III;

*“In general, we denote the scaling exponent of an arbitrary function f(n) as e; = lim,— oo log,, f(n).
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o jointly O(d./logn) and Q(d.), in region IV;

o jointly o(d.) and w(1/+/®), in region V;

e O(1/4/®), in region VL

The above observation guided us also in the derivation of lower bounds to the network capacity. For
each of the above regions, we have found a proper communication scheme that allows to achieve a
network capacity characterized by the same scaling exponent of the corresponding upper bound. More
specifically, we identify two subsets of nodes: the main infrastructure and the set of access/delivery nodes.
The former set is used to transfer data across the network area, thus giving the main contribution to the
network throughput; the latter set is responsible for sending/receiving data to/from the main infrastructure,
without acting as a bottleneck for the network throughput.

Depending on the operational region, we select two different main infrastructures:

¢ CC infrastructure, which is composed by nodes located at finite distance from the center of their
cluster;
« HI infrastructure, which forms an HPP process of intensity equal to the minimum (asymptotic) node

density over the area.

With the first infrastructure (CC), the communication schemes that maximize the throughput are similar
to the ones proposed in [3], [4]; we refer to them as Global Cooperative (GL), cooperative Super-Cluster
hopping (SC) and cooperative Inter-Cluster hopping (IC), depending on the typical distance between
transmitters and receivers used in the largest-scale MIMO communications.

With the second infrastructure (HI), the schemes maximizing the network throughput are the traditional
Multi-Hop (MH) and the cooperative sub-Cluster hopping (SC). In the latter scheme we still employ
MIMO communications, among nodes located at a distance smaller (in order sense) than the centers
of neighboring clusters but larger than the typical distance between two neighboring nodes on the HI
infrastructure.

A graphical representation of our results on ec is given in Figure 2, for » = 0.3 and § = 2.5, while
varying « and ~. Figure 3 depicts the behavior of ec for « = 5 and v = 0.4, while varying v and §. It
can be noticed that ec varies with continuity in the four-dimensional space of the parameters {«, v, d, v},
and that, in any region, ec is a non-increasing function of parameters {a,,0} and a non-decreasing

function of v.
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Fig. 2.  Scaling exponent of network capacity as function Fig. 3. Scaling exponent of network capacity as function of v
of o and ~, for v = 0.3 and § = 2.5. Different marks are and 6, for « = 5 and v = 0.4. Different marks are associated

associated to the six possible operating regions. to the six possible operating regions.

IV. LOWER BOUNDS

In this section, we present the family of communication schemes that allows to achieve the capacity
lower bound of the clustered networks considered in our work. Existing lower bounds that have been
obtained in previous work for the case of homogeneous networks can be found in Appendix C.

Depending on the operational region, different schemes must be employed to achieve optimal
throughput performance. Before going into details, we provide a brief classification of the proposed
schemes according to their main properties.

All of our proposed schemes work as follows: first, a subset of nodes is identified, which forms the
main infrastructure through which data are transferred across the network area. A finite fraction of time
is assigned to the rest of the nodes to exchange traffic with the nodes belonging to the main infrastructure
(if needed). More precisely, time is divided into regular frames, each one comprising three phases of
equal duration: i) an access phase, in which sources not belonging to the main infrastructure send data
to the infrastructure; ii) a transport phase, in which data are transferred over the infrastructure; iii) a
delivery phase, in which data are sent from the infrastructure to destinations not belonging to it.

We emphasize that in all cases the delivery phase is analogous to the access phase (by exchanging the
role of transmitters and receivers). Thus, we classify the schemes on the only basis of their transport
phase and access phase.

1) Transport phase: for what concerns the transport phase, our schemes follow the same principle

adopted in the case of homogeneous networks (see Appendix C), according to which the network area is
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partitioned into cells of edge size c: MIMO communications are established between the nodes belonging
to neighboring cells, and global multi-hopping at the cell level is employed to transfer data through the
network. In particular, the value of the cell edge size c allows us to classify our schemes into the following
five strategies:
1) GL: cooperative global, in which ¢ = ©(L) and nodes employ a MIMO communication scheme
at global network scale, without the need of cell multi-hopping;
2) SC: cooperative super-cluster hopping, in which nodes employ a cooperative multi-hop scheme,
where ¢ = w(dq\/logn);
3) IC: cooperative inter-cluster hopping, in which ¢ = O(d.y/logn), i.e., the cell edge size is
closely related to the typical distance d. between cluster centres;
4) sC: cooperative sub-cluster hopping, in which ¢ = o(d.) and ¢ = w(1/®), i.e., the cell edge
size is smaller (in order sense) than the typical distance between cluster centres, yet the cell is
large enough that the number of nodes falling in it tends to infinity, allowing cooperation among an
increasingly number of nodes;
5) MH: traditional multi-hop, in which ¢ = ©(1/4/®), and nodes resort to the traditional point-
to-point multi-hop scheme, since there is no advantage (in order sense) in employing cooperative
techniques.
The above five strategies for the transport phase are applied to different main infrastructures, depending

on the combination of system parameters. We identify the following two main infrastructures:

o CC: clusters-core infrastructure, which is used only in the the cluster-sparse condition and it is
formed by a set Z of nodes falling within a finite distance from their cluster centre. The cardinality
of this set is still ©(n), as shown later.

o HI: homogeneous infrastructure, which is obtained extracting a subset Z of nodes forming an
Homogeneous Poisson Process of nodes with intensity equal to the minimum node density in the
network, denoted by ®. In particular, under the cluster-dense condition (v < v/2) the cardinality of
Z is ©(n), whereas under the cluster-sparse condition the cardinality of Z is o(n);

As we will see, the network throughput is ultimately determined by the transport phase, i.e., by the
throughput of the selected strategy (one of the five strategies above) over the main infrastructure (one
of the two infrastructures above). However, not all combinations are meaningful: in the cluster-dense
condition, we apply strategies GL or SC or MH over the HI main infrastructure. In the cluster-sparse

condition, we apply strategies GL or SC or IC over the CC main-infrastructure, and strategies sC or
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MH over the HI main infrastructure. We emphasize that, although the above combinations (either for
the cluster-dense or the cluster-sparse condition) can always be applied, only one of them provides the
maximum network throughput for a given set of system parameters.

2) Access phase: recall that the access phase is used by sources to inject their traffic over the main
infrastructure. Since the system throughput is ultimately determined by the main infrastructure, the goal
is to design a communication scheme that does not shift the system bottleneck to the access phase, while
at the same time balancing the traffic uniformly over the nodes of the main infrastructure. These design

principles led us to consider the following three access scheme:

o SISO. This scheme is used to access the HI main infrastructure under the cluster-dense condition.
In this case, it is sufficient to employ a single-hop point-to-point transmission (SISO) between each
source and one of the closest nodes belonging to Z, thanks to the fact that the network is almost
uniformly dense;

« Hierarchical multi-hop. This scheme is used to access the HI main infrastructure under the cluster-
sparse condition. For this case, we could not just adapt existing schemes proposed in the literature.
Therefore we have developed a novel scheduling-routing strategy specifically tailored to this case.

o SIMO. This scheme is used to access the CC main-infrastructure under the cluster-sparse condition,

employing a SIMO technique similar to the relaying scheme proposed in [4]°.

For the detailed presentation of our schemes, we will follow the latter classification based on the access
phase: we start in Section IV-A considering the simpler class of schemes devised for the cluster-dense
condition. As already said, in this case we combine a SISO access scheme with one of the three transport
strategies (GL or SC or MH) applied over the HI main infrastructure.

Then, in Section IV-B we present the schemes devised to operate under the cluster-sparse condition
over the HI main infrastructure. Such schemes combine either the SC or the MH transport strategy with
the Hierarchical multi-hop access scheme.

At last, in Section IV-C we present those schemes exploiting the CC main-infrastructure under the
cluster-sparse condition. Such schemes combine one of the three transport strategies GL, SC, MH with

the SIMO access scheme.

>The corresponding scheme for the delivery phase is a MISO scheme analogous to the broadcast phase proposed in [4].
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A. Communication schemes under the cluster-dense condition

Recall that under the cluster-dense condition the node density is in order sense uniform over the
network area, since ® = O(®) (see Lemma 4 in Appendix D). Hence, we can reasonably expect the
network throughput to scale in the same way as in the homogeneous case treated in [3], whose main
results have been summarized in Appendix C. The following simple arguments show that this is indeed
the case.

Using a standard thinning technique (see Lemma 7 in Appendix D), we can extract from X" (recall that
X = {X;}, is the collection of all nodes generated in a given realization of the SNCP) a set of nodes Z
forming the main infrastructure and distributed according to an HPP process of intensity @, and consider
the throughput of the sub-system comprising only the nodes in Z. The latter can be characterized by
(19) using 3 = 1— 2, since & = O(n'=27). Nodes in Z form the HI main infrastructure through which
data are transported across the network adopting the schemes in [3], and whose aggregate throughput is
exploited by all of the nodes.

It remains to show that the SISO access scheme used by nodes in ) = X'\ Z to send/receive data
from nodes in Z does not throttle the throughput on the main infrastructure. This is guaranteed by the
following lemma:

Lemma 1: . Under the cluster-dense condition, the rate achievable by each node of ) during the
access (or delivery) phase is Q(1/log'*t®/% n).

Proof: The proof can be found in Appendix A. |

Since nodes in Z form an HPP process, the rate achievable by nodes in Z during the transport
phase can be immediately obtained applying existing results for homogeneous system. Furthermore, our
construction guarantees that every node in Z injects/collect in/from the main infrastructure the traffic
associated to at most [4®/®] + 1 = O(1) end-to-end traffic flows. As a result of previous discussion,

Proposition 1: Under the cluster-dense condition, i.e., for any set of system parameters in which
v < v/2, the network throughput is © (T',(n, L, ®, «)), where T),(-) is given by (19) (in Appendix C).
Therefore, using the expressions (20) of the scaling exponents, we obtain,

1 ay<1l,0<v/2
2 —ay ay>1,a<3,i<v/2

GT(OZ,"}/, v, 5) - 1 (3)
e e a’y>1,a23,’y<%,5<u/2

a—2

{ O‘Tﬂ—cw a23,72%¢5<u/2
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B. Communication schemes employing the HI main infrastructure under the cluster-sparse condition

Recall that under the cluster-sparse condition the node density is characterized by significant in-
homogeneity (in order sense), being @ = o(®). Nevertheless, using the same thinning technique adopted
under the cluster-dense condition, it is still possible to extract from X a set of nodes Z distributed
according to an HPP process of intensity ®, and rely on the transport throughput of the sub-system
comprising only the nodes in Z.

However, the traffic exchange between the nodes in Z and the rest of the nodes, i.e., nodes ) = X'\ Z,
becomes problematic when the node density is highly inhomogeneous. Indeed, under the cluster-sparse
condition, traffic is not uniformly balanced in the network when it leaves the sources, or when it is in
proximity of the destinations, because the majority of sources/destinations are concentrated in proximity
of the cluster centres. As consequence, a simple point-to-point single-hop scheme to send/receive data
to/from the nodes of the main infrastructure (as done under the cluster-dense condition) can lead to the
formation of system bottlenecks around the cluster centres, which would throttle the throughput over the

main infrastructure. To overcome this problem, a significantly more complex communication strategy is
needed during the access (or delivery) phase, as described in the following section.

1) Hierarchical multi-hop access scheme: During the access (delivery) phase, the formation of system
bottlenecks around highly dense regions of the network area can be avoided adding a traffic spreading
(traffic densification) phase before (after) data are transferred across the network area over the main
transport infrastructure. A finite fraction of time can be devoted to each of these phases without modifying
(in order sense) the throughput provided by nodes in Z, with the additional benefit of uniformly balancing
the traffic over the nodes of the main infrastructure. In this section we provide an intuitive understanding
of how the traffic spreading (or densification) technique works. More details on the hierarchical multi-hop
access scheme, which is essentially based on this technique, are relegated to Appendix E.

First of all, we can restrict ourselves to the traffic spreading phase, since the traffic densification phase
is identical if we look at the data transmission process backward in time. The idea is to spread the traffic
out of highly dense regions gradually, through a sequence of intermediate, local transport infrastructure
nested one within the other (see Figure 4).

Intermediate transport infrastructures are obtained by thinning the overall point process of nodes within
certain domains (specified later) surrounding the clusters centres. More specifically, in each domain we
extract a set of points distributed according to an HPP of intensity equal to the minimum node density
within the domain. Such set forms the local transport infrastructure of the corresponding domain.

The sequence k£ = 0,1,..., Kax of nested domains is carefully chosen in such a way that: i) the
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first domain in the sequence coincides with the network area, hence the corresponding infrastructure is
the main transport infrastructure of the network, of density ®, which is shared by all data flows; ii)
the infrastructure extracted in each domain k£ > 0 can pass to the infrastructure of domain k£ — 1 all
traffic generated by nodes contained in it; iii) the total number of domains grows at most like logn, i.e.,
kmax = O(logn)).

Conditions i) and ii) guarantee that the system throughput is throttled by the lowest infrastructure
(the main transport infrastructure) and no bottleneck arises within any higher infrastructure. Condition
iii) guarantees that, even if we devote to each layer-k infrastructure a finite fraction of time, the total
overhead due to the access phase causes at most a logn loss to the overall system throughput.

We now specify one possible way to jointly achieve the three conditions above. We build a sequence
of nested domains O, k = 0,1,2..., Kpax, as follows. The first domain, denoted by Oy, coincides with
the entire network area, i.e., Oy = O, satisfying condition 1i).

For the generic point £ € O, let dyin(§) = min; ||{ — ¢;|| be the distance between ¢ and the closest
cluster centre. We define domains Oy, for k > 1, as follows: Oy, = {£ € O : dpin(§) < di}, where {dj, }
are a set of decreasing distances, i.e., d; > d2 > ... > dg, . .. Domain Oy is, in general, composed of
a random number J; of disjoint regions (J < M), corresponding to the connected components of the
standard Gilbert’s model of continuum percolation [18] with ball radius dj. Figure 4 shows examples of
domains Oy, having different values of dj. Let {I,Z}j be the set of disjoint regions (1 < j < Ji) forming

domain O.

10 =

N A =d2

j dyyy = d /4 oo
dyyiy = d/8

. . =d/16 —

N d . =d/32 —

Fig. 4. Example of construction of nested domains Oy, for the topology depicted in Figure 1(b). Domain O; is characterized

by di = 0.5d..
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We set the largest di, namely d;, equal to di = ud., where p is a small constant. Choosing u
sufficiently small, in such a way that the associated Gilbert’s model is below the percolation threshold
(we need p < p*, where p* =~ 0.6, [17]), we have the property that the maximum number of clusters
centres belonging to the same region I{ is wh.p. O(logn), V5 [18]. Since by construction Of1 C Ok,
the same property holds for all £ > 1. It follows that, in terms of physical extension, the area |I,]€| of
region Z} lies w.h.p. in the interval 7d? < |Z}| < wd2 logn.

We further observe that the density of nodes at any point within Oy (k > 1) can be lower bounded
by A\, =¢q d,;‘s, by considering the contribution of the closest cluster centre only. Hence, it is possible to
extract from Oy (k > 1) a set of points Z; forming an HPP with intensity Ax. Note that in the domain
Op we have \g = ®. Distances di, for k > 2, are then assigned in such a way that A\ = 2k=1)\,, ie.,
the intensities of the nested transport infrastructures form a geometric progression. This requires to set
dp = d12_%1. Since the maximum node density in the network is ® < Goq log m (the constant G is
specified in Lemma 4), we have Kpax = 1+ |logy(glogm/A1)] = O(logn), hence the total number of
domains satisfies condition iii).

It remains to show that each domain k£ < K,,,, can sustain the traffic generated by domain k + 1. To
this purpose, we need to show that each region I,g can handle the traffic produced by all components of
domain k + 1 nested in it. Let Hi 41 be the set of indexes / of regions I]i’ 1 falling in I,z. Moreover, let
M ,g be the number of cluster centres falling within I,Z.

The area of I,z can be expressed as ]Ifg\ = Mgﬂd%Ck(IIz), where Ck(IIz) < 1 1is a reduction factor that
accounts for the overlapping among the discs of radius d; forming region I,Z. The sum of the areas of
all nested regions ZJ', | is instead given by > herd 01| = Mind?,  Cri1(T]), where, Cy1(Z]) is the
degree of overlapping among the discs of radius dj falling within I,z.

Observe that (k+1(I,Z) > Ck(I,g) because the degree of overlapping among the discs reduces for
decreasing values of dj. Since (dj/dpy1)?> = 2%, we conclude that the ratio between \I]i\ and
ZheHi ]I,’;H] is bounded. This is important, because it allows to exploit the full capacity of the
infrastructure extracted in I]z to evenly spread out the traffic coming from nested regions 7 li’ 1 over
the larger region Ig.

Moreover, using the results on homogeneous networks reported in (19), it can be shown that the

aggregate throughput of regions 7 ,i‘ with h € HZ, ., is larger than the throughput of region Ig. This is

+1° k+1°
true for all k, 7, and it allows to conclude that domain O (i.e., the main infrastructure) acts as the system
bottleneck.

To show this fact, we need to use the expressions (19) for the capacity of a generic sub-system in
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which nodes are distributed according to an HPP process. We can discard the second case in (19), since
the hierarchical access scheme is not needed when o < 3.
Now, let us suppose that the throughput of region I,Z (and that of regions IL‘ 1 nested in Ig) is given

by the first case of (19), in which T,, = w(N!~¢). The number of points in I,g is

MImAd2 e (Th) = MimAydy 26~ D0=D ¢ (7))

recalling that Ckﬂ(I,Z) > Ck(Zg) the total number of points in regions Z}! 1, With h € Hi 41> can be
lower bounded by
Mm e s1di 1 Gr(ZL) = Mimadi 25079 (Z])

Since § > 2, the total number of points in regions 7, li’ 1 with h € H?

x41- 1s larger than the number of

points in IIZ. This guarantees that, in the first case of (19), the aggregate throughput of the infrastructures
nested in I,z is higher than the throughput of region 7/, Vk,j.
In the third case of (19), the throughput (either of region Z li’ 1 or the aggregate throughput of regions

i, nested in 7}) would be proportional to oklam —5—e(l=

%)]‘ Since g—:% >1> %, and ¢ is small, the
throughput increases with k. At last, in the forth case of (19) the throughput would be proportional to
2’“[(]7“_%_6(1_%)]@(1,1) which again increases with k.

We conclude that the chosen sequence of nested local infrastructures satisfies the conditions that allow
to balance the traffic towards the nodes of the main infrastructure at most with a logn penalty factor to
the system throughput.

The precise details about how the scheduling/routing scheme works during the access (or delivery)
phase are reported in Appendix E.

2) Performance of the schemes employing the HI main infrastructure under the cluster-sparse
condition: The hierarchical multi-hop access scheme introduced in Section IV-B1 guarantees that we
can always achieve at least the throughput of a system in which nodes are distributed according to
an HPP of intensity ®, under the only condition that the number of nodes Z belonging to the main

infrastructure tends to infinity (See Proposition 3). Hence we can write,

T(n,a,v,v,0) =Q(Ty(n, L, ®,«a))

under the condition |Z| = L?® = w(1).
In particular, two schemes that arise in the homogeneous scenario (see Appendix C), when applied to
the HI infrastructure of density ®, allow to achieve the maximum network throughput, for some range

of system parameters:
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o MH: traditional multi-hop, in the case of & > 3 and ® = O(1). This scheme provides a throughput
w(|Z|7°L®"+") (see Table II).
« sC: cooperative sub-cluster hopping, in the case a > 3, |Z| < L%, and ® = w(1). This scheme

provides a throughput w(|Z|~“L® 3—:;) (see Table II).

C. Communication schemes employing the CC main infrastructure under the cluster-sparse condition

Recall that the CC main infrastructure is formed by a subset V of nodes, of cardinality |V| = O(n),
lying within a finite distance from their cluster centres. The subset V is constructed as follows: let
Oc ={¢ € O : dpin(§) < C} be the set of points whose distance from the closest cluster centre is
smaller than a finite constant C'. Since C is finite, while the typical distance between cluster centres tends
to infinity as do = n?Y~¥/2, domain O¢ is formed w.h.p. by M disjoint discs of radius C'. Within each
disc, the node density can be lower bounded by A¢ = gmin(1,C _5), hence from O¢ we can extract,
w.h.p., a set of points V distributed according to an HPP of intensity A¢ within M disjoint discs of
constant area. It follows that the cardinality of set V is |V| = ©(M¢q) = ©(n). Notice that the number
of points V belonging to a given cluster is a finite fraction of all nodes belonging to the same cluster.

Set V can be used as the main transport infrastructure of the system by employing a cooperative multi-
hop strategy similar to the one adopted in the case of homogeneous networks. More specifically, we
partition the network area into square cells of edge size ¢, and perform MIMO communications between
the nodes in )V belonging to neighboring cells. Global multi-hopping at the cell level is employed to
transfer data throughout the network. This strategy has the advantage of employing a rich set of nodes,
but it is constrained to using a cell size ¢ = Q(d./logm), i.e., to operate at a spatial resolution higher
than the typical distance d. between cluster centres. Indeed, if ¢ = Q(d.\/logm) we can apply Lemma
2 to the set of cluster centres and conclude that each cell contains in order sense the same number of
nodes belonging to set V.

The following proposition guarantees that the throughput of the above cooperative multi-hop strategy,
applied over the CC main infrastructure, is the same as the throughput achievable by an analogous scheme
(i.e., a cooperative multi-hop strategy with the same cell size) applied over a homogeneous network of
n nodes.

Proposition 2: Adopting a cooperative multi-hop strategy with cell size ¢ = Q(d.v/logm), the CC
main infrastructure can sustain the same throughput achievable by a homogeneous network of n nodes,
adopting the same scheme.

Proof: The proof can be found in Appendix B. [ ]
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Before computing the resulting throughput, we need to premise how the rest of nodes ) = X'\ V can
exchange traffic with nodes in )V without shifting the system bottleneck to the access (or delivery) phase.

1) SIMO access scheme: during the access phase, data generated by nodes ) are transferred to nodes
V residing in the same cell employing a single-hop SIMO communication scheme similar to the one
proposed in [4]. In [4], authors present a technique that allows nodes located in low-density areas to
relay their data over densely populated areas, by exploiting the diversity gain intrinsically available in
high-density regions thanks to the presence of many nodes acting as an array of receiving antennas.
Indeed, the additional overhead due to cooperatively decode the received signals in dense areas can be
easily sustained thanks to the large capacity intrinsically available within these dense regions.

More in detail, nodes ) belonging to the same cell simultaneously transmit (without prior coordination)
their data (appropriately encoded) to nodes V, which later on exchange their (quantized) observed signals
realizing the multi-user diversity gain. Interference coming from nearby cells can be made negligible
employing again the standard TDMA technique according to which only a subset of weakly interfering
cells are active at any time, in such a way that the performance of the scheme can be analyzed (in order
sense) considering each cell in isolation.

The scheme in [4] requires an equal number of transmitting and receiving nodes within each cell. In
our setting, in each cell the number of nodes belonging to ) and the number of nodes belonging to V
are both, w.h.p., ©(n(c/L)?). Although the cardinalities of transmitters and receivers are not exactly the
same, nodes in ) can equally distribute their traffic to nodes in V' in such a way that each node in V
has to sustain the traffic of a bounded number of nodes ). By applying the scheme in [4] sequentially
a bounded number of times, all nodes in Y get an opportunity to transmit, achieving a constant fraction
of the data-rate sustainable by nodes in V.

Furthermore, in [4] it is assumed that transmitters ) can adapt their power so that signals are received
roughly at the same strength by relays V. This can be achieved also in our case adopting the usual trick
of partitioning each cell into a finite number of sub-cells, and assigning as receivers of a given transmitter
y only the nodes V residing in a suitable sub-cell, such that the minimum distance between a transmitter
and its closest receiver is K¢, where K is some constant.

In [4] it is shown that the per-node rate achievable by the above SIMO access phase is
Rsivo > KV Pc™® )

where V' is the number of receiving nodes (in the above expression it is assumed that V Pc™® < 1).
2) MISO delivery scheme: in the delivery phase, nodes ) deliver data to final destinations belonging

to ), is a way similar to the access phase, except that in this case a single-hop MISO communication
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scheme is employed, according to which the relays in V perform transmit beam-forming (by exchanging
information among them) and then concurrently send the (quantized and encoded) messages to all nodes
of the cell. The per-node rate achievable by the above MISO broadcast phase is (see [4]),

Rmiso > KV Pc™® 5)

where V' is the number of transmitting nodes (again, in the above expression it is assumed that V Pc™ <
1).

3) Performance of the schemes employing the CC main infrastructure under the cluster-sparse
condition: by comparing (4) (or (5)) with (21), we can see that the per-node rate achievable in the
access or delivery phase is in order sense the same as the per-node rate achievable during a single-hop
MIMO communication between two adjacent cells. As consequence, the performance is limited by the
transport phase, in which traffic is sent across the network area employing cell multi-hopping.

For this phase, it remains to optimize the cell edge size c in a way analogous to the one described
in Appendix C, but with the additional constraint that ¢ = Q(d.v/logm), which allows us to see the
network as being uniformly populated by nodes V.

This leads to the following three schemes,

« IC: cooperative inter-cluster hopping, when the optimal choice is to set ¢ = d.+/log m. This occurs
when a > 3, and either v > 1/2 or jointly 1/ < v < 1/2 and 2(1 — 2v) < (2y — v)(« — 2). This
scheme provides a throughput w(N2~¢d;®/m?3/?) (see Table II).

« SC: cooperative super-cluster hopping, when the optimal ¢ takes an intermediate value in between
d. and L. This occurs when o > 3, 1/av < v < 1/2 and 2(1 — 2v) > (2y — v)(a — 2). Then the
optimal choice is to set ¢ = n%, which allows to achieve a throughput w(/NV Z_:;_EL_ﬁ) (see
Table II).

o GL.: cooperative global, when the optimal choice is to set ¢ = L, i.e., to perform single hop MIMO
communication at global scale. This occurs when oy < 1, providing a throughput w(N'=¢), or
when oy > 1 and « < 3, leading to a throughput w(N?~¢L~%) (see Table II).

Note that the above three schemes can always be applied (under the cluster-sparse condition), however
they outperform those based on the HI main infrastructure (see Section IV-B2), thus providing an order-

optimal scheme, only in a specific range of system parameters, as specified in Table II.

V. UPPER BOUNDS

We first describe how to upper-bound the system capacity under the cluster-dense condition, which

can be done in a very simple way exploiting existing results for homogeneous networks [3].
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Fig. 5. Network area

Under the cluster-dense (i.e., for v < v/2) condition, we can complete (w.h.p.) X to a superset of
nodes W distributed according to an HPP process of intensity ® = ®y = G4 75> Where G is the constant
defined in Lemma 7. We can then upper-bound the capacity of the clustered network formed by nodes X
with the capacity of the homogeneous network formed by nodes VV. Indeed, the presence of additional
nodes that can be (possibly) used as intermediate relays can only improve the resulting network capacity.
Notice that since the cardinality of W is ©(n), the resulting upper bounds to the scaling exponent of the
system capacity (derived in [3]) are tight, i.e., the proposed simple technique to upper bound the system
capacity does not introduce any gap in order sense.

Under the cluster-sparse condition, the derivation of upper-bounds to the system capacity is more
involved. We extend the approach in [2], [3], [4], which is based on the computation of an upper bound
to the information flow passing through a cut that divides the network in two parts.

First, by leveraging percolative arguments (see [6]), we find a strip of width A, with A =
O((gs(d.)logn)~1/?) which divides the network area in two parts, and satisfies the following properties:
i) the considered strip does not include any node; ii) every cluster centre lies at a distance greater than
gd. from the strip, for a sufficiently small constant g. Then, we bound the information flow C(S,D)
from sources S on the left of the strip to destinations D on the right of the strip with the power transfer
Ps,p through the strip, as in [2], [3], [4].

To do so, we proceed as follows. We isolate the contribution of the nodes that are located close to the
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strip, more specifically the nodes located in the low density region of width ©(d..), from the rest of the
network (see Figure 5). We denote by &7 and Sy the high and low density regions, respectively, which
are located on the left side of the strip, and with D and Dy the corresponding regions on the right side.
Then, we first focus on the case o < 3. By exploiting the methodology developed in [2], [3], [4], we

can write

(S, D) = na E[logdet(HHQ(H)HH)]
E[Qx (H)]<P, VkES

HQH)H"
Qux - E[r{HQE)H")|
E[Qrx(H)]<P,VEES

< bPs,p, +bPs, p, +bPs,p, +bPFs,p, (6)

IN

where

|har|?
b > 4max 1,max27_ .
< ReD = > hep dipy
‘hikP <

By applying similar arguments to those presented in [4], we can prove® that maxep Yics S A =

' |hix|*
€S Y ep dir”
In order to compute the term Ps, p,, we divide the regions S and D; in squarelets of side d.. Indeed,

log®n for v = 2 and maxep 3 <log!'*2 n for o > 2.

the minimal distance between a source in S; and a destination in Dy is ©(d.). The j-th squarelet in Sy
is denoted by S ; and has coordinates j = [j1, j2]. Likewise the ¢-th squarelet in D; is denoted by D 4

and has coordinates £ = [(1, {2]. Thus, we have

Ps,p, < Z Zdj_la (d,)?
j £
= Z Z ((1de + Orde + Kde)? + (jode — gzdc)Z)—a/Z (%)2 log? n
j £
= dc_a (%)2]Og2nzz ((]1 _|_€1 + K)2 + (]2 B 62)2)—(1/2 (7)
j 2

for 0 < j1,¢1 < L/d. and —L/2d,. < ja,ly < L/2d.. We define d;p as the minimum distance between

squarelets 81 ; and D 4, which is given by

dip = der/(j1 + 01+ K)? + (j2 — £o)?

®We consider the source nodes located in the regions S; and S, separately, and compute the term at the denominator in the
two cases by dividing the region D into squarelets of side d.logn and A logn, respectively. By doing so, the average node
density in each type of squarelet results to be © (%) and O(zz), respectively. We then divide S1 and S» into squarelets of
side d. and A, respectively, and upper bound the number of nodes in each type of squarelet by using the Corollaries 1 and 2

in Appendix F.
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where Kd,. is a lower bound for the width of regions Sy and Do, as well as of the strip. By using the

results in Appendix F-A with N = 2M and M = L/2d., we obtain
2
Kd;? (dL) (%)2log2nlog (d£> a=2

Ps.p, <4 Kdz (£)7" (2)1og?n 2<a<3 ®)
ch_?’d—Lc (%)2log2nlog (dL) a=3.

Likewise, by dividing the regions S2 and D; in squarelets of side d. we can upper bound Ps, p, as
follows (see Appendix F):
Kd;3 (%)2Llog3n a=2
Kd 1=« (ﬁ)leogzn 2<a<3.

m

®)

Ps, p, <

An equivalent result can be obtained in order sense for the term Ps, p,.
Next, we evaluate the contribution of the term Ps, p,. To do so, we partition the regions Sy and Dy
into squarelets of side A. Similarly to what has been done before, we obtain (see Appendix F):
KA—Ld, log*n a=2
Ps,p, < ¢ KA Ld3>“log’n 2<a<3 (10
KA~*Llog®n a=3.
Observe that, for o« < 3, the terms in (9) and (10) are negligible with respect to Ps, p,. From (8), it

follows that the scaling exponent ec of the network capacity is given by

2—ay.

Next, we focus on o > 3. In order to obtain tight bounds, we further divide D; into D;; and Do,

and Dy into Dy; and Dyy (see Figure 5). We have that:

e Dqyg is the sub-region of Dy of width W = n" and close to the cut; we constrain W to be smaller
than or equal to the width of Dy, ie., w <y —v/2;
e Do is the sub-region of D; of width Z = n?, with v — % <z<7.
Let us consider the channel matrix X connecting the subset of source nodes X to the destination
nodes X;. We define f(X) = max Q(X)>0 E [log det (I +XQ(X)XM)].

E[Qpr(X)]<P, VkeX,
We upper bound the network capacity as

C(S,D) < f(Hi) + f(Ha) + f(H3) + f(Hy) + f(Hs)

where H; connects the sources in S with the destinations in D11, Hs connects the sources in Sy with

the destinations in Ds;, H3 connects the nodes in S; with those in Dy, while H4 and Hy connect the
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sources in S with the destinations in Do and Dso, respectively. As done in (6), for the first two terms

we can write

f(Hy) + f(Hg) < bPs, p,, +bPs, p,, +bPs,p,, - (1)

We compute terms Ps, p,, and Ps, p,, following the same procedure described above but dividing the
regions in squarelets of side Z and W respectively. As for Ps, p,, we divide Sy into rectangles of area

d. X Z and D into squarelets of side Z. Then we obtain

2
Ps,p, < Kd;'73°L (ﬁ) log? n = Kn?=3772(@=3) |og2 (12)
m
2
Ps,p, < Kd732>°L (%) log?n = Kn22—2@=D=v/2 |02, (13)
Ps,p,, < KA™*W3=%Llog?*n = Kn26+7-w(e=3) log?n (14)

For the remaining terms, we repeatedly apply the Hadamard inequality and use the following result:

fx) < Z Qlélca;;o E [log (1 + XiQ(Xi)X?ﬂ
1€Xa p(Qup (x:)] < P, VEEX,

< ) log(1+ KPnd,*)
ZEXS
< Kl|Xs|logn. (15)
where x; is the i-th row of X and d, is a lower-bound to the distance between source and destination

nodes. It follows that

L
f(H3) < K|D21|logn§Kd—%log2n:Knl_”/2log2n (16)
LZn . o 1—742 7 2
4) = 12 S K—— =
f(Hy) < K|D ]10gn<Kd2 log®n = Kn' """ *log”“n (17)
2m
Lw. o +B+w 103
5) = 22 S K—=- = :
f(H5) < K|Dgyllogn < K log®n = Kn” log®n (18)

AQ

In order to find the scaling exponent of the network capacity, we have to identify the dominant term
among the above expressions. We first observe that (12) always dominates (13), and that (17) always
dominates (16) since by definition z > v — v/2.

We then consider equations (12) and (17), which depend on the parameter z, and note that the former
decreases while the latter increases as z grows. To obtain a tight bound we need to determine the value of
z* such that 2— 3y —2z*(—3) = 1 —y+ 2%, i.e., 2* = (1—2v)/(a—2). Note that since z > y—v/2 > 0
(cluster sparse regime), then we must have v < 1/2.

For z* > 7 —v/2 the scaling exponent becomes ¢; = 1+v—2* = (a—1—a)/(a—2). Otherwise, the

region Dj5 can be neglected (f(H4) = |D12| = 0) and the bound is obtained by replacing z = v — v/2
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in (12). In conclusion, we have

—_1— . 1
o\ — = ifz" >y—v/2ANy <3

2—ay+ (a—3)ry/2  otherwise.

Next we consider equations (14) and (18) which depend on w and note that the former decreases while
the latter increases as w grows. We determine the value of w* such that the bound is as tight as possible.
To do so, we solve the equality 20 + v — w*(a—3) = v+ f+w™* in w* and we obtain w* = 3/(a — 2).

As for the value of (3, we consider the following two cases:

o If 3 <0, then we have w* < 0. This is not acceptable because by hypothesis w > —(3/2. In this case

a tighter bound is then obtained by considering the region Das as negligible (f(Hs) = |Daa| = 0)
and substituting w = —(3/2 in (14) thus obtaining es = v+ S(a+1)/2;

o If 3 >0, the scaling exponent is given by eg = v+ +w* =y + ﬁg—:%.

In conclusion,
v+ M B <0
v+02= B>0.

By comparing e; and ey, it can be easily verified that for z* > v — v/2 and v < 1/2 the dominant

€9 =

scaling exponent is ec = (a — 1 — ay)/(a — 2); otherwise, the network capacity scaling exponent is

given by
max{2—afy+(oz—3)u/2,7+ M} B<0

max{2—a’y+(a—3)u/2,fy+ﬂg—:%} 6>0

With reference to the above expressions of the scaling exponent and to the different operational regions

€ =

(see Table II), we can therefore conclude that the dominant contribution to the power transfer from the

sources to the destinations regions is due to transmissions between nodes at distance:

e O(L) from the cut, in regions I and II;
jointly w(d.v/logn) and o(L), in region III;
jointly O(d.v/logn) and Q(d.), in region IV;
jointly o(d.) and w(1/+/®), in region V;
©(1/y/®), in region VL

VI. CONCLUSIONS

We have characterized the asymptotic capacity of networks whose nodes are distributed according to a
doubly stochastic shot-noise Cox process. This point process provides an interesting, analytically tractable

model of clustered random networks containing large inhomogeneities in the node density. Our study has
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revealed the existence of additional operational regions with respect to those identified in previous work,

and the need of novel scheduling and routing strategies, specifically tailored to clustered networks, to

approach the system capacity.
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APPENDIX A

PROOF OF LEMMA 1

Proof: First, we provide a construction that allows each node in ) to select one of the closest node
belonging to Z as its first-hop relay. We partition O into squarelets of area 16logn/® < A < 32logn/®
(the exact dimension of the squarelets is chosen so as to exactly cover O with an integer number of
squarelets, see Lemma 2 for details). According to Lemma 2 (in Appendix D), there are w.h.p. at least
| ®A/2] nodes belonging to Z, while the number of points of X’ in each squarelet is upper-bounded w.h.p.
by [2A®]. Indeed X can be completed to W, an HPP with intensity ®, and Lemma 2 can be applied
to bound the number of points of W in every squarelet. Moreover, observe that since by construction
Y C X C W, any upper bound on the number of points WV falling in a squarelet can be regarded as an
upper bound on the number of points X (or ))) falling in the same squarelet.

Then, we uniformly partition the nodes of ) falling in each squarelet into |®A/2]| groups, assigning
each group to a different node of Z belonging to the same squarelet. By construction, each group
contains at most [4®/®] = ©O(1) nodes. Lying both transmitter and receiver in the same squarelet,
their relative distance dr is upper bounded by the diagonal of the squarelet: d7 < v/2A, being VA =
O(L+/logn/n) < v/logn (notice that under the cluster-dense condition v < v/2 < 1/2).

To mitigate interference, we employ a standard technique (see [10]) according to which transmissions
occurring within the same squarelet, as well as transmissions occurring in squarelets containing points
closer than 3v/2A, are orthogonalized over time. To this aim, the squarelets are partitioned into a finite
number of subsets, each subset comprising regularly spaced, weakly-interfering squarelets. At any time
only one subset of squarelets is activated, and at most one transmission is enabled in each activated
squarelet. As a result, each transmission achieves a rate ) (log(l + d;a)). Recall that we can devote to
the access phase a finite fraction of time, without affecting (in order sense) the throughput achievable
during the transport phase. Considering the fact that in each squarelet there are O(logn) competing
nodes belonging to ), the fraction of time in which each of them can transmit scales as (1/logn), the
achievable rate by each node of ) is then Q(1/log'™*/? n).

During the delivery phase, data are sent from nodes in Z to their final destinations belonging to ),
again using a point-to-point single-hop transmission. As already mentioned, the analysis of this phase is

identical to that of the access phase, exchanging the role of transmitters and receivers. [ |
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APPENDIX B

PROOF OF PROPOSITION 2

Proof: First notice that the performance of a MIMO communication established between neighboring
cells does not depend on how nodes are distributed within a cell. The difficulty then lies in showing that,
within a cell, the overhead required to set up cooperative transmission and cooperative decoding does
not constitute a bottleneck with respect to the throughput achievable by MIMO communication between
cells. This can be done in an easy way by devising a hierarchical scheme in which the size (in terms of
number of nodes) of the clusters to be used at the basic layer of the hierarchy exactly matches the size
of the discs forming the CC main infrastructure. Indeed, we can already start our hierarchy construction

1=v nodes

by exploiting the capacity available in a disc, which can be regarded as a sub-system of ¢ = n
uniformly distributed. Since the disc radius C' is finite, in each disc we can achieve almost an aggregate
throughput w(g' =), for any ¢ > 0.

For the next layer, we take squarelets of edge length ¢’ = d.\/log m, containing ©(logm) discs each.
Performing the basic step of the hierarchical construction described in [2], we obtain that each squarelet
now forms a sub-system of size ©(qlogm) with aggregate throughput w(q'~¢ log mlog(1 + qPc'~)),
which is non smaller than the throughput achievable by a sub-system of the same size in a homogeneous
network employing a similar hierarchical scheme. The above sub-system can then be used to construct
bigger systems (until we reach squarelets of size c) with the guarantee that every intermediate throughput
is at least equal to those achievable in a homogeneous network, following exactly the same approach
as in [2]. By construction, the throughput of every level is always non smaller than the throughput of
the corresponding level (i.e. the level employing the same cluster size) in a homogeneous network. As a
conclusion, all phases needed to set up transmit and decoding cooperation do not throttle the throughput

provided by the highest layer of the hierarchy, in which we perform MIMO transmissions between cells

of size c. [ |

APPENDIX C

COMMUNICATION SCHEMES HOMOGENEOUS NETWORKS

Here, we present a slight generalization of the results established in [2], [3], in a convenient form that
will allow us to reuse them in the derivation of our lower bounds.

Consider a sub-area of the region O shaped as a square (or disc) of edge (radius) E = ©(n’), where
nodes are distributed according to a homogeneous Poisson process of intensity 1) = ©(n"). This process

generates on average N = ¢ E? = O(n"t%) nodes within the considered sub-area. We do not impose
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here any specific restriction on the real numbers x and ¢, except that we require the average number of
nodes N in the system to go to infinity, which implies x + 2¢ > 0. In [3] authors consider the special
case kK = 1 — 2/, since they derive results for the entire network area containing ©(n) nodes’. The power
loss exponent is o > 2.

Given a communication strategy, let T, (n, F, 1, «) be the aggregate throughput of the above system,
i.e., the maximum amount of data that can be transported network-wide across the area. The following
proposition characterizes the behavior of T, (n, E, 1, ). To simplify the expressions, we write them as
functions also of N = ¢ E2.

Proposition 3: For any given combination of system parameters, such that x + 2¢ > 0, there exists a
communication strategy that allows to achieve the aggregate throughput:
(N'79) N > E®
(N?=“E~%) N<E* a<3
(v

E

S

Tu(n7E7"7Z)aO‘) = _ (19)
w(N"CE a2 2) N<E* a>3,¢y=wl)
w(N“Eyp ) a>3,1p=0(1)

w.h.p. for any € > 0. Moreover, the associated scaling exponents
(

20 + Kk K+ 20> ol
lA—a)+26 k+2<al,a<3

er, (o, K, l) = (20)
E—i—mo‘—jl k+20<al,a>3, k>0
0+ ket a>3, k<0

exactly match the scaling exponent of the upper bounds to the network capacity, hence they precisely
characterize how the aggregate capacity scales with n if we neglect poly-log terms.
Proposition 3 is a straightforward consequence of the main theorem in [3], so we do not provide a
detailed proof here. Instead, to help the reader grasp the basic facts leading to the expressions in (19)
and (20), we provide an intuitive explanation of the scheduling-routing schemes that allow to achieve (in
order sense) the maximum capacity in the various regimes that arise while varying the system parameters.
Such intuitive description will be especially useful to understand the construction of the novel schemes
proposed for our network topologies.

A general class of scheduling-routing strategies, which includes as special cases the schemes leading

to (19), is obtained partitioning the network area into cells of side ¢ = ©(n?), and applying a cooperative

"We remark that here we consider a more general model with the additional parameter x because in our analysis we need to
consider many different sub-systems having variable area and number of nodes, and it turns out that it is not possible to just

re-scale the system parameters and obtain general results which are function of only two parameters.
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multi-hop strategy, in which multiple input multiple output (MIMO) communications are established
among the nodes belonging to neighboring cells and global multi-hopping at the cell level is employed
to transfer data throughout the network.

When we set ¢ equal to the edge of the network area, we end up performing MIMO communications
at global scale, without the need of cell multi-hopping. On the other extreme, we can set ¢ so small that
each cell contains on average only ©(1) nodes (by setting ¢ = ©(n~"/2)). This case occurs when there
is no gain in employing MIMO communications at any scale, hence the scaling exponent of the system
capacity is the same as in the traditional multi-hop scheme employing point-to-point communications
(1], [10].

For assigned system parameters, the adoption of the above strategy, coupled with the optimization of
6 in the range [—k/2,~| essentially provides an order optimal scheme achieving the results in (20).

The performance analysis can be intuitively understood as follows. First of all, local MIMO
transmissions between neighboring cells can be parallelized with a TDMA scheme in such a way that
any pair of cells is active for a finite fraction of time, while at the same time the interference due to
other cell pairs which are active concurrently can be neglected. This comes from standard arguments,
which are by now well understood and widely adopted in previous work (see e.g., [10]). Hence, we can
restrict ourselves to computing the rate achievable by MIMO communications between two neighboring
cells as considered in isolation, multiply it by the total number of cells in the network, and consider the
multi-hop penalty due to (re)transmitting the same data over each hop toward the destination.

From [3], [2], the rate Rygc achievable by MIMO communication between two neighboring cells

comprising ©(z) nodes each, can be lower bounded as,

. P
Ruc > Kz'"log (1 - ZNQBCO‘> 2D

w.h.p. for any € > 0 and a constant K > 0, where B is the transmission bandwidth and z7¢ is the
loss in performance due to cooperation overhead. Notice that the term zc% can be regarded as the total
power arriving at a node from a set of z nodes, all located at distance c from the receiving node, and
transmitting independently at full rate. When this term is o(1), we are in the power-limited (or low-SNR)
regime. When this term is €2(1), we are in the bandwidth-limited (or high-SNR) regime.

In practice, individual links established between two nodes belonging to neighboring cells have variable
length (arbitrarily small). However, by dividing each cell into two halves and enabling communication

only between non-adjacent halves (see [3]), we can assume that the power transfer on the links of each

MIMO sub-system is roughly the same, i.e., ©(c™®) (see [3] for the details).
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From the above discussion, it follows that there are essentially three factors that can affect the scaling

order achievable by the considered class of strategies:

1) The power transfer ©(c=®) = ©(n=%%) on each link established between nodes belonging to
neighboring (sub)-cells. The power transfer decreases when the cell size is set larger and larger,
resulting into a performance penalty for increasing values of 6.

2) The diversity gain z due to cooperative MIMO communications between neighboring cells, which
grows linearly with the number of transmitters (or receivers). This gain factor is thus equal to the
number of nodes in a cell, which is z = ©(n?0**), growing with 6.

3) The multi-hop penalty factor, due to the fact that data need to be (re)transmitted on each hop
towards the destination. Since any flow has to go through a number of hops O(E/c), the resulting

penalty factor is at most O(n‘~%), which decreases with 6.

The first two factors above determine the scaling order of the inter-cell rate Ry achievable by
MIMO communication (21). In the power-limited regime, the scaling order of Ryc is 40 + 2k — 6. In
the bandwidth-limited regime, the scaling order of Ryc is 20 + k, since the per-node rate can grow at
most® like logn.

We can concisely express this result stating that the rate achievable by inter-cell MIMO communication
has scaling exponent 260 + x + min(0, 26 + k — f«). As already said, the overall system throughput is
obtained multiplying the inter-cell rate by the total number of cells in the network, and dividing it by

the multi-hop penalty factor, obtaining

er, (o, k,0) =min(0,20 + k —0a) + L+ K+ 0.

Maximizing the above quantity over 6 € [—k/2,~| essentially provides the scaling orders expressed in
(20). In particular, @ is set equal to ¢ (which means global MIMO communication) whenever k+2¢ > «/,
or < 3. When o > 3 and « < 0, instead, 6 is minimized and the optimal scheme is the traditional
multi-hop scheme of Gupta-Kumar. A non-degenerate cooperative multi-hop scheme is only employed
when k + 20 < of, a > 3, and k > 0, for which the optimal 6 takes an intermediate value, equal
to k/(a — 2), for which the diversity gain exactly compensates the power loss over inter-cell MIMO
communications.

Notice that from (20) we can immediately derive the scaling exponent e)(«,k,¢) of the per-

node throughput A(n,a, ,¢). Indeed, since the per-node throughput is equal to the maximum system

8This limit is established in [2] by upper-bounding the rate of a node by the single-input multiple-output (SIMO) channel

between the node and the rest of the network.
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throughput 7',(n, o, x,¢) divided by the total number of nodes, e)(«,k,¢) is simply obtained by

subtracting 2¢ +  from e, (o, K, £).

APPENDIX D

Lemma 2: (Concentration result for HPP). Consider a set of points X distributed over a bi-
dimensional domain O of area |O| according to an HPP of rate ® = n/|O|. Let 7}, be a regular
tessellation of O (or any sub-region of O), whose tiles T} have a surface |Tj| non smaller than 16%.
Let U(T}) be the number of points of A" falling within 7. Then, uniformly over the tessellation, U (7};)
is comprised w.h.p. between % and 2®|T%|, i.e., % < infy U(Ty) < sup, U(T}%) < 2®|T}].

The proof of this statement follows directly from the Chernoff bound and can be found in [10], [16].

The previous result can be easily generalized to the case of Inhomogeneous Poisson Point (IPP)
processes:

Lemma 3: (Concentration result for IPP). Consider a set of points X distributed over O according
to an IPP process having local intensity ®(&), such that fo ®(£)d¢ = n. Let 7;, be any tessellation of
O (or any sub-region of ), whose tiles 7}, satisfy: ka ®(£)dE > 16logn. Then uniformly over the

tessellation U(T}) = O( [, () d¢).

Lemma 4: (Asymptotic analysis of the node density). Consider a set of nodes distributed according
to the clustered point process introduced in Section II-A. Recall that there are on average m clusters whose
centres are distributed according to an HPP on area O. Let n(m) = d./log m, where d, is the typical
distance between cluster centres as defined in (2). If n(m) = o(1) (or, equivalently, d. = o(1/1/logm)),

then it is possible to find two positive constants ¢1,G; with g; < G such that V¢ € O
n

n
91— < ®(§) < G1L2

w.h.p. (22)

which means that & = ©(®). More in general, when n(m) = (1) it is possible to find two positive
constants g2,Go, such that, w.h.p., @ > goqlogm s(d./Togm) and ® < Goq logm.
The proof can be found in [6].

We next introduce a couple of standard properties of Poisson point processes (see [15]) which are
necessary for the construction of our scheduling-routing schemes.

Lemma 5: (Thinning of IPP process). Consider a set X = {X }4¥ of points distributed over a compact
domain O according to an IPP process of intensity ®(). Let ® be inf¢co ®(&). Then for any &g < @ it
is possible to extract from X" a subset of points Z C X distributed over O according to an HPP process

of rate Py.

June 3, 2011 DRAFT



33

Lemma 6: (Completion of IPP process). Consider a set X = {X}¥ of points distributed over
a compact domain O according to an inhomogeneous Poisson process of intensity ®(¢). Let ® be
SUP¢co ®(&). Then it is possible to complete X (adding some extra points) to a superset YW 2O X of
points distributed according to an HPP process of rate ®.

The above two results can be extended to the doubly stochastic point process considered in this work,
with the only difference that they hold w.h.p., instead of with probability one. This is stated more precisely
in the following:

Lemma 7: (Thinning and completion of the clustered point process). Consider nodes X = { X }¥V,
with E[N] = n, placed according to the doubly stochastic clustered point process introduced in Section
II-A. Then a subset of nodes Z C X can be found w.h.p. such that Z forms an HPP with intensity
®,, where &, = g1 under the cluster-dense condition and ®, = gs ¢log ms(d./logm) under the
cluster-sparse condition. Here g1 and gy are the constants defined in Lemma 4. Moreover, X' can be
completed w.h.p. to a superset YW D X that forms an HPP with intensity ®(, where ®; = G'1 7z under
the cluster-dense condition and ®; = G5 qlog m under the cluster-sparse condition. Again, G; and Go
are the constants defined in Lemma 4.

The following is a classical result on doubly stochastic matrices, known as the Birkhoff-von-Neumann
(BvN) Theorem:

Lemma 8: (BvN Theorem). Any doubly stochastic matrix can be decomposed into a convex
combination of permutation matrices.

From the BVN Theorem, it descends that every non-negative, integer-valued matrix A = [a;;] can be
decomposed into the sum of at most H sub-permutation matrices (i.e., binary-valued doubly sub-stochastic

matrices), being H = max(}_, a;j, > ; a;j) the maximum column/row sum [14].

APPENDIX E

DETAILS ON THE HIERARCHICAL MULTI-HOP SCHEME

In this appendix we provide additional details on the hierarchical multi-hop scheme introduced in
Section IV-B1, describing the complete scheduling-routing scheme combining the hierarchical multi-
hop scheme (for both the access and the delivery phase) with the optimal communication scheme (for
the transport phase) available over the HI main-infrastructure of density ®. The associated analysis will
confirm that the system throughput is indeed given by the aggregate throughput of the main-infrastructure,

and no bottleneck arises during the access and delivery phases.
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TABLE III

SUMMARY OF NOTATION

Symb. | Definition

Ok Layer-k infrastructure domain

Ié j-th layer-k component of domain Oy

|7} Area of component Z;

Xy Nodes within O

Z Nodes within Oy, forming the layer-k infrastructure
Yk Nodes within Oy, \ Ok11 not belonging to Zj

Ak Density of nodes Zj, within Oy

Recall that the construction introduced in Section IV-B1 (see Figure 4) allows to build a sequence
of nested domains O, k = 0,1,2..., Ky, Where Ko = O(logn). Domain k is composed by Jj
connected components {Ig}j, referred to in the following as layer-k£ components.

We define by &, the restriction of X on Oy; i.e., X}, comprises all points of X lying in O. Applying
the standard thinning procedure of Lemma 7 to each domain Oy, a set of nodes Z; C X} can be found
such that: i) Zj is an HPP process of intensity A on Op; ii) any node belonging to Z;_; and to A},
also belongs to Zy, for k > 1. Let Yy = X \ (Xgr1 U Zi), ie., Yy comprises those points of X lying
in O, — Ok41 which do not belong to Z. Table III summarizes the notation.

Consider the following scheduling/routing scheme according to which time is partitioned into frames,
each frame comprising K4, + 1 descending phases Kpax, Kinax — 1,...,1,0 followed by K. + 1
ascending phases 0,1, ..., Knax. Each phase is in turn partitioned into two periods.

Within descending phase k (here index k runs from K, down to 0), during the first period all
nodes in ) are allowed to transmit their data to a close node in Zj, within the same layer-k component,
balancing the traffic among the candidate receivers. During the second period of the descending phase,
nodes in Z; transmit to: i) randomly selected nodes lying within the same layer-(k — 1) component, and
belonging to Zj, N Z;_1, when k£ > 0; ii) randomly selected nodes belonging to Z, when k = 0.

Nodes Zj transmit data gathered in the previous phase (if & < Kpax), data gathered during the
first period of the current phase, and their own data, again balancing the traffic among the feasible
receivers. The data transport is achieved exploiting the intrinsic capacity of the sub-system formed by
nodes belonging to Z, referred to as layer-k infrastructure.

In ascending phase k, within the first period data directed to destinations in X} \ Xgy1, for k < Kpax

(i.e., destinations lying in O but not in O 1), or to destinations in X, for k = K ax, are transmitted
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Fig. 6. Example of scheduling/routing of a flow established between node S belonging to cluster 1 and node D belonging to
cluster 2. Nodes filled in white belong to sets );, whereas nodes filled in black belong to one or more of sets Z;. Different
marks have been used to denote the nodes belonging to Z;, so as to illustrate one important property of our construction, namely

the fact that, if a node belongs to both Z;_; and XY, it also belongs to Z, for k > 1.

exploiting layer-k infrastructure, either directly to their destination (whenever the destination belongs to
Z,) or to a close node in Z, while at the same time, data directed to nodes lying within O (only
for k < Knax) are routed to nodes of Zj, N Z; 1 lying within the same layer-(k + 1) component of the
destination. During the second period of ascending phases k < Kj,ax, data directed to nodes in ), are
delivered to their final destination through single-hop transmissions.

Figure 6 illustrates an example of scheduling and routing of a flow established between two nodes
belonging to different clusters (let these clusters be cluster 1 and cluster 2). For simplicity, we have
assumed that cluster 1 and cluster 2 belong to different layer-1 components, and they are the only cluster

centres falling in their respective layer-1 component. As consequence, components of any layer k£ > 0
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around either cluster have a circular shape. In the specific example in Figure 6, source node S belongs
to set Vs of cluster 1, whereas destination node D belongs to set Vs of cluster 2. The figure shows one
possible logical route for flow S-D, represented as a path connecting the source to the destination through
a sequence of significant relay nodes. Dashed edges represent logical hop, in the sense that data are sent
from one vertex to the other using the optimal communication scheme of the underlying infrastructure,
which might employ a rather complex cooperative multi-hop strategy to forward the data.

Edges are labeled with the phase and period in which the corresponding communication can be
scheduled. The following notation has been used: Dzj stands for the j-th period of descending phase %;
A{ stands for the j-th period of ascending phase i. We observe that the chosen route is significantly more
tortuous than other multi-hop routes between S and D that one could follow. This is due to the randomness
introduced in our scheme in the selection of the next-hop relay belonging to a given component. Such
randomness does not penalize performance in order sense, while having the benefit of uniformly balancing
the traffic among the candidate receivers.

Consider descending phase k, with 0 < k < K, ... We fix the duration of this phase to 3¢ =
1/(2Kmax), and suppose that the two periods within the same phase are of equal duration.

We start looking at the first period of this phase, in which nodes in ), are allowed to transmit to nodes
in Zj lying in the same component. We apply Lemma 3 to the network region Oy \ Ok (if & < Kpax,

otherwise we take domain O, ), partitioning it into tiles 7} having surface’ |T}| = O(logn/\g).

Uniformly over the tiles, the number of points of Y, falling in each tile is O(logn), whereas the number
of points of Z, in each tile is (logn) (actually, there are ©(logn) nodes of either sets in each tile).

Hence we can assign nodes Zj, to nodes ), residing within the same tile in such a way that the number
of nodes ), associated to the same node Z, is uniformly bounded by a constant.

Highly interfering transmissions are orthogonalized over time, adopting the usual technique of
partitioning tiles into a finite number of subsets, each comprising mutually weakly interfering tiles,
and enabling one subset at a time. Since the number of conflicting transmitters per tile is O(logn), the
fraction of time devoted to each transmitter is Q(3%/(2logn)) and consequently the achievable rate by
every node in Y, is Q(B(dL)~/(2logn)), being df = /|Ty|.

In the second period, for k£ > 0, data are transported within the same component I,g by nodes Z,

adopting the best communication scheme available in the underlying layer-k infrastructure. We observe

that, by construction, in each component Ig the amount of data to be transferred is that generated by
9We shape the tiles in such a way that the maximum distance between two points in the same tile T}, is ©(+/]T%|) for any k.
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nodes lying within the same component. The number of nodes belonging to the infrastructure covering
I,Z is zi = @()\k|I,g|) (we are assuming that )\k|I,Z| = Q(logn), as can be easily verified). The total
number of nodes n{t lying within I]z can be upper bounded by ni = O(logng), since each component
contains O(logn) cluster centres (see Section IV-B1).

Since the throughput of the infrastructure covering I,Z is T,,(n,dg, A\, ), and considering that such
infrastructure is used only for a fraction of time equal to 3%/2, the aggregate data rate that can
be sustained by the layer-k infrastructure covering I,g is 3%/2T,(n,dy, A\, ). Thus, every node of
Z;, is allowed to exchange with layer-k infrastructure a data rate which is 5*/ (in)Tu(n,dk,)\k,a).
Considering that, by construction, every node of Zj is pushing/pulling into layer-k infrastructure the
aggregate data of O(nfg / zi) end-to-end flows, the achievable per-flow throughput by layer-£ infrastructure
is w(ﬁk/(Qni Tw(n,dg, A, o). Indeed note that thanks to the BVN Theorem (see Lemma 8), we can
decompose our traffic pattern into O(n?f / zi) permutation traffic patterns, and devote to each of them an
equal fraction of the system bandwidth.

In the case of descending phase k& = 0, using similar arguments, it turns out that the achievable per-flow
throughput by the ground infrastructure (layer-0) is w(3°/ né Tu(n, do, Mo, @v)).

Turning our attention to ascending phase k, we fix the duration of this phase to 3% = 1/2K,., and
assume that the two periods within the same phase are of equal duration. Then ascending phase & can
be mapped to the corresponding descending phase k by reversing the time; i.e., by observing the data
transmission process backward. As a consequence the maximum throughput sustainable in ascending
phase k equals the throughput sustainable in descending phase k.

We can conclude that the maximum per-flow throughput sustainable by the whole system is given by
the minimum among the per-flow throughput sustainable in every period of the frame. By construction,
the system bottleneck is due to the throughput of the ground infrastructure, thus the per-node throughput
that can be achieved is w (ﬁo/n% Tu(n, do, Mo, a)).

APPENDIX F

Let us first introduce two useful results that immediately descend from Lemma 3.
Corollary 1: Given an IPP of intensity ®(£) the number of nodes falling in a squarelet of side A

located in the region of minimal node density is upper-bounded by

U(A) =logn
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Corollary 2: The number of nodes falling in a squarelet of side d. is upper-bounded by:

U(d.,) = % logn

To compute an upper bound for Ps, p,, we write:

— —Q
Ps,p = D ) Ta

1€S: k€D,

=200 2 W

S2,5 D1,61€82,5 k€D ¢

YD (d) T U)U(R)

S2,5 Die

_ n d 2 . . —a/2
a:* (=) <§> log?n Y (1 + K)* + (ja = £2)°) (23)

Ji,Jz L2

IN

where K d, takes into account the width of region Ds. Using the results in Appendix F-B and considering
N =L/d. and M = L/2d., we obtain

Kd;? (&) <d£> (%)2log2nlog (di) a=2
Rad; (2) (%) (%) 1og?n a>2

Similarly, to upper-bound Pg, 55,, we divide the regions Sy and D, in squarelets of side TV since the

Ps,p, < (24)

minimal distance between a source in Sz and a destination in Dy is ©(W). Also, recall that each of such
squarelets contains at most ©(W?2A~2logn) nodes. The j-th squarelet in Sy is denoted by Ss ;j and has
coordinates j = [j1, ja]; the (-th squarelet in Dy is denoted by Da, and has coordinates £ = [y, {s].

Then, we write

Po,p, =2 D d® = D20 0.0 D 4y

1€Ss keD, S2,j Dy 1€S2,5 K€Dy 4
_ 9
< DD 4 RpUA)
82,5 Do
= WA 0?0 YN (G H F 1P 4 G — )2 (25)
i e
for 0 < j1,01 < d./A. —L/2A < jo,ls < L/2A. Here we define d;, as the minimum distance between

squarelets S ; and Dcy ¢, which is given by diyy=W ((j1 + 01 +1)2 + (o — 62)2)1/2.

By using the results in Appendix F-A with N =d./A and M = L/2A, we obtain (10).
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A. Useful Series Bounds

We upper-bound the following term

S (i + b+ K+ (G2 — 0p)2) "2 (26)

Jrvjz bl
where 0 < j1,61 < N, =M < jo, by < M.

We first notice that for any positive even function f(z) with support in ]R

oM
E: S -0 Y. @) <MW§:f
M =M a=—2M

Moreover, if f(z) has a max1mum in z = 0 and is decreasing in [0, +00),

ha
S0 < )+ [ jw) s )

h=h,
for any hi, he such that 0 < hy < hg If the integral in (27) converges, then we can write

S H) < ft)+ [ f)da 8)

h=h, ha
Let us consider f(z) = ((j1 + 41 + K)* + x2)_a/2. Then, we can upper-bound (26) as
2M
. . —a/2 . —a/2
S (it K)P 4 Ge—£)%) " < a3 (i i+ K+ a?) Y (29
Ji,d2l e Ji,€1 a=0
For o« > 1, we can use (28) with Ay = 0 and write

S (Gt B (e — 12)?)

Ji,J251,82

AM D [(jl + 4 +K)‘“+/ (Gh+ 0+ K)?+22) " do
b 0

IN

< AMDY D (i b+ K) T+ Y (i + 6+ ) (30)
§1=0£;=0

for a positive constant Y independent of M.

For a@ = 2, we apply (28) and (27) to the first term of (30) and we obtain
N N

N o
ZZ(jl+€1+K)_2 = Z [(€1+K)_2+/ (:U+f1+K)_2dx}
0

J1=06,=0 6=0
N

= > [+ K)?+ (b +K)7]

51:0

IA

00 N
4M/ (:U+K)_2d:n+—|—/ (z+ K) 'dz
0 0

lg<N+K>
O
K

Klog N (31)

IA

IN
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Similarly, for the second term of (30), we obtain
N

N N
> it +E) < Z[(@JFK)_IJF

71=0¢,=0 £,=0
< KNlogN

Following a similar approach, for o > 2 we have:

N M )
S0 (b +K2+ G- 0)?) <
]'1741:0]'2742:—]\4

B. Further Series Bounds

By using the results of Appendix F-A, we have

N M N
SN (G EP G- ) P <A Y [+ K) 7+ Yl + K)
J1=0 jo,lo=—M 71=0

<N+€1—I—K>]
log | ——————

KMNlogN «a=2

KMN3-2
KMlog N
KM

2<a<3
a=3

a>3
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(32)

(33)

for a positive constant Y7 independent of M. Similarly to the derivation in Appendix F-A, we obtain

N M
> ((h+ K+ (o - £)%) " <

J1=0j2,lo=—M
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KMlog N
KM

a=2

a>2

(34)
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